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FOREWORD 

Nowadays, for a whole range of applications in different segments of the industry, it is 

necessary to have the parallel mechanism with six degrees of freedom, which have developed 

especially in the last fifteen years. 

The present paper offers modern and original solutions for the analysis of the workspace, the 

kinematics and the dynamics of a complex parallel mechanism with six degrees of freedom 

offering a new perspective for understanding some notions related to these aspects. 

Based on multidisciplinary knowledge (mechanisms, mechanics, graphics and computer 

aided design) as well as practical experience acquired in industry, the research carried out at 

the Faculty of Engineering at the "Dunărea de Jos" University of Galati is a significant 

contribution in the field of parallel mechanisms with real implementation perspectives in different 

areas. 

At the end of these three years of scientific activity, I feel honored to address honest thanks 

and feelings to Prof. Univ. Dr. Eng. Gabriel ANDREI, who, as a scientific coordinator, through 

the relevant advice and suggestions with a lot of professionalism, contributed to the realization  

of this paper. Beyond all this, I finally find to discover in the person of the Mr. Professor Gabriel 

ANDREI a sincere friend but also a mentor who channeled my efforts and energy into the 

ascending trajectory of my becoming. 

Someone said that if you are lucky you meet in life, people how gett attach beyond the 

words, people who see you more than you see and make the decision to work with you until 

you'll get to discover that part of you that you're not aware. These people seem to be modeled 

after your soul. I had the chance to meet such a man in the person of Mr. Lecturer Univ. Dr. 

Eng. Alexandru NĂSTASE, who through patience, kindness, availability and generosity 

supported me during the three years of doctoral studies. Thank you, Mr. Professor! 

I also thank the teachers at the "Dunarea de Jos" University of Galati: Prof. Univ. Dr. Eng. 

Laurenţia ANDREI, Senior Lecturer Univ. Dr. Eng. Nicolae DIACONU, Senior Lecturer Univ. Dr. 

Eng.  Doina BOAZU, who contributed with suggestions for improving the paper by participating 

in supporting the reports. 

I would like to thank this way to my wife and daughter for the patience, understanding and 

unconditional support given during this period. 

 

Galati, 09.05.2018  

Eng. Lucian Milica 
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ABSTRACT 

 

Keywords: parallel mechanism, direct geometric model, inverse geometric model, direct 

kinematic model, inverse kinematic model, singular positions, Jacobian matrix, inverse dynamic 

model. 

 

This paper highlights aspects of the particularities of parallel manipulators and their 

importance in the design of the mechanisms with six degrees of freedom, with emphasis being 

placed on the need to determine the geometric, cinematic and dynamic patterns that allow the 

final user to manage all  the capacities of these. 

In the first part the paper presents an actual stage of the researches undertaken in the 

development of these mechanisms. We highlight the main advantages of using parallel robots in 

various applications but also their disadvantages. Also presented are the main features of 

parallel manipulators and methods for improving their performance. 

In the second part of the paper we analyze the working space of the new type of manipulator 

parallel to six degrees of freedom type 6RSS. The parallel manipulator consists of a fixed plate 

and a mobile platform connected by six independent kinematic chains. Each of the six kinematic 

chains has an revolute actuator  joint and two spherical joints. The general structure of the "n" 

parallel chain mechanism are presented and the customizations done to obtain the parallel 

mechanism 6RSS type (revolute joint coupler, spherical joint, spherical joint). Was described the 

method of coordinate transformations in Denavit-Hartenberg notation for one of the parallel 

chains. The configuration of the mechanism at a given time, ie the position of the effector 

element, depends on the geometric parameters of the relative positions of the kinematic joints. 

The two geometric models are  detailed: direct model (by which the position of the platform is 

determined for a set of given angles) and invers model (by which the angle of rotation of one of 

the motor arms is determined, knowing the position of the platform). Also, applications for the 

two geometric models are presented. 

Analysis of the workspace was done by delimiting the translation subspace (by restricting the 

platform orientation), by the subspace of the orientations (the characteristic point remains fixed 

in a given position, restricted by the extreme values of the angles of rotation of the actuated 

arms). 

Determining the geometric model of parallel mechanism is necessary both theoretically and 

especially in the exploitation of the robot. The multitude of possible positions that the mobile 

platform can occupy depends both on the variation domains of the independent parameters 𝐪𝑗  

and on the structural particularities of the mechanism. The movement of the platform was thus 

defined by an overlap of two movements: a translation one given by the displacement of the 

characteristic point and one of the spherical rotation determined by the change of its orientation  

in relation to a fixed frame. Separating the multitude of mobile platform positions into two three-

dimensional spaces (of localizations and orientations) allowed, on the one hand, a more 

rigorous analysis of the geometrical properties of the parallel mechanism, but also a 

representation closer to the human perception of the two subspaces. 

In the section 3 is presented the kinematic analysis of the parallel mechanism. The kinematic 

analysis of the parallel mechanism achieve the description of the variation of the scalar 

parameters of the displacement - between the final and the initial position - in time, without 

taking into account the forces that intervene during the movement.  

Generally the ultimate goal of any robotic application is to achieve a certain technological 

function, a first requirement being the exact positioning of the end effector at a point or a certain 
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trajectory. The parallel kinematics study aims to determine the variable parameters associate 

with each of their joints, so that the coordinates of the end effector element verify a given point 

in the operating space, while ensuring a certain orientation of it. In this way, relations that define 

kinematic transformations become kinematic control equations. The kinematic analysis was 

done by applying the restriction method. The motion equations for the six kinematic chains of 

the parallel mechanism have been defined when it performs a certain technological function or a 

movement of the characteristic point on a curve resulting from the intersection of two cylinders. 

Also, for the same technological function, the kinematic analysis was performed using a CAD 

software and variations of the angular speeds of the actuating arms was obtained. 

On the basis of the kinematic analysis, the movements of the effector element were defined 

for manipulation operations using polynomial geometric expressions as time functions. It was 

used the Hermit polynomials function that allow for a permanent follow-up of the movement of 

the system. Basis on the same Hermite polynomials, a method of optimizing the trajectory of the 

characteristic point has been developed, with the purpose of minimizing its length and  the 

duration of the trajectory.  

Through the kinematic model, the issue of singularities of the parallel manipulator was 

highlighted. Based on the two Jacobian matrices, the two types of singularities encountered in 

parallel mechanism were defined. A program was created to make three-dimensional 

representations of the determinant of functions det[B] and det[A] of the direct and inverse 

Jacobian matrix. On the basis of the same program, was represented sections  that highlight the 

critical curves, Also it was possible to establish precisely the existence or the inexistence of the 

mechanism for a given position and orientation. The resulting diagrams allow the critical 

configurations to be highlighted and a better understanding of their importance in motion 

analysis and the programming of such parallel mechanism. 

Chapter 4 presents the dynamic analysis of the 6RSS parallel mechanism. Analysis of the 

dynamic model of parallel mechanism is an important issue for a number of applications in 

robotics where the effect of inertial forces influences negatively their positioning and orientation. 

Determining a dynamic model is a necessary step for controlling the 6 RSS parallel 

manipulator, as it generally desires a quick response during operation. It should be borne in 

mind that the mechanism is complex and its dynamic model is difficult to establish. Controlling 

the parallel real-time mechanism is a real challenge especially if the mobile platform moves at 

high accelerations. Determining the dynamic model becomes a complicated problem when the 

inertia forces are applied to the actuators. On the other hand, if the mobile platform performs a 

certain movement at low speeds and accelerations, the effect of inertial forces may be 

neglected. 

The dynamic model, as well as the other models used in the study of the mechanism, has 

two complementary practical formulations: the direct dynamic model and the inverse dynamic 

model. 

In the case of the direct  dynamic model, the actuating torques 𝐌𝐚 and the inertial 

characteristics are known and the trajectory, velocity and acceleration of the characteristic point 

are determined. In the case of the inverse dynamic model, the trajectory, velocity and 

acceleration of the characteristic point of the final effector is known, and the actuating torques 

𝐌𝐚 are determined. 

Using the facilities of the CATIA program, for the kinematic chain 𝑘 of the parallel 

mechanism, the inertial characteristics of its mobile elements for a certain technological function 

were determined. The inertia matrices of the mobile elements of the mechanism as well as the 

position, velocities and accelerations of the weight centers of the thirteen mobile elements were 

determined. 
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The solution to the dynamic problem of the parallel mechanism was done using the kineto-

static method based on d'Alembert's principle, whereby the torque of the reduced inertia forces 

in the center of mass 𝐺 of a mechanical system dynamically equilibrates the torque of the 

applied forces and the connecting forces acting on each Sjk  element in the system. 

Six equivalent kinetostatic equations for the thirteen mobile elements of the 6RSS parallel 

mechanism were written and resulted in seventy-eight of equations plus six orthogonality 

equations in a total of eighty-four equations. By solving them, the forces and moments of the 

kinematic joints have resulted. 

Chapter 5 presents the conclusions of the entire research work and highlights personal 

contributions in the field of geometrical, kinematic and dynamic modeling of parallel mechanism.



Milica L. - Geometric, cinematic and dynamic 

 analysis of a new 6RSS type parallel mechanism 

 

 

 

 

7 

 

Particularities of parallel mechanisms and their 

importance in designing robots with 6DOF 

 
Cap. 1 Particularities of parallel mechanisms and their 

importance in designing robots with 6 DOF 

1.1 Introduction 

It is well known that parallel manipulators are much stiffer and more accurate than series 

manipulators [1]. Thus, in recent years, in more technical applications parallel manipulators 

have been introduced, such as flight simulators, radar antennas, telescopes, pointing devices 

[2]. In addition, parallel manipulators have also been introduced in the processing centers with 

multiple degrees of freedom and high speed. Some researchers [3,4] identified as such three 

types of planar parallel manipulators (Figure 1.1), consisting of three kinematic chains which link 

the mobile platform with the fixed one. 

 
Figure 1. 1 Different types of plane parallel manipulators [3,4]. 

Jaime Gallardo et al. [5] studied spherical parallel manipulators, making reference to the 

families of spherical parallel manipulators with two arms. The main characteristic of this family is 

a compact asymmetric topology consisting of two arms and a spherical joint.  

Un manipulator paralel sferic (SPM) este un manipulator paralel a cărui platformă mobilă 

este un element cu punct fix. Astfel toate punctele fixate pe platforma mobilă se deplasează pe 

sfere concentrice, Di Gregorio [6].  

A spherical parallel manipulator is a parallel manipulator whose mobile platform is an 

element with fixed point. Therefore all points attached to the mobile platform are moving on 

concentric spheres, Di Gregorio [6]. Several SPM with different architectures have been 

analyzed in the literature. In their work, Zhang et al. [8], using spherical passive joints along with 

four connectors, were unable to determine because of redundancy, the only possible orientation 

of the moving platform. In his work, Wohlhart [9], investigates a displacement analysis of 

Gough-Stewart platform, where moving the mobile platform is defined by a translation and a 

rotation movement.  

In order to generate a class of spherical joints, Innocenti and Parenti-Castelli [10] have 

removed three adapters translation, preserving the spherical passive joint, thus connecting the 

mobile platform with the fixed platform.  

Parallel manipulators type RPS (revolute joint-prismatic joint-spherical joint) represent 

another class of parallel manipulators, which have been dealt with by a number of researchers 

in different aspects related to the analysis of dynamic and kinematic behaviour [11-13]. A 

particular approach to kinematic and dynamic problems of the manipulators type RPS is that 

using the screw theory which proved to be an effective method for determining kinematic 

characteristics, including instant movements of the mechanism [14-19]. 
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Particularities of parallel mechanisms and their 

importance in designing robots with 6DOF 

 Many researchers sought to explore new approaches that would lead to an increase of the 

workspace, maximizing mechanism isotropy and avoiding internal singularities [21-23]. 

The performances of the parallel mechanisms depend to a large extent on their geometry. 

For designing a parallel mechanism, two criteria are generally considered [24]: 

- the performance of the mechanism; 

- the final cost. 

That is why providing different solutions will allow the end user to choose the best design 

compromise to solve technical problems [25]. 

Trajectory planning for parallel manipulators aims to determine a path between the initial and 

final positions of the effector [26-27]. According to some authors, in the case of parallel 

mechanisms some restrictions on the characteristic of kinematic chains [28-31] are required. 

Using the cylindrical coordinate representation for the Bonev and Ryu workspace [32] 

determines the dimensions of this space using the MATLAB program for a general parallel 

manipulator.  

1.2 Advantages of using parallel mechanisms 

Many applications in precision engineering require high-precision positioning in order to 

manipulate an object in different environments [33, 34].  

For over two decades, parallel robots have attracted the attention of several researchers who 

consider them to be particularly valuable in terms of alternative construction for robotic 

mechanisms [35, 36]. Various types of architectures of these mechanisms [37] have recently 

been studied and many are regularly used in the industrial world, as is the case with different 

types of machine tools [38] and industrial robots [39]. 

The accuracy of parallel manipulators was analyzed by various methods that highlighted their 

performance [40-48]. 

1.3  Kinematic and dynamic analysis 

Mobility is the main parameter of a structural mechanism and also one of the fundamental 

concepts in modeling dynamic and cinematic mechanisms [49-50].  

Grigore Gogu has advanced a new formula for the calculation of mobility parallel 

mechanisms, with the number of arms t  2 [51]. 

M=  𝑓𝑖 − 𝑆𝑖 + 𝑆𝑝 ;𝑡
𝑖=1

𝑝
𝑖=1     (1.1) 

Gosselin and Angeles [43] have developed kinematic and dynamic straight model Agile 

Wrist, which is characterized by three concurrent rotations. 

Kinematic analysis is carried out in two ways: via direct kinematic method and by inverse 

kinematic method. Dynamic analysis of parallel robots is usually approached by the analytical 

method of classical mechanics [53-56].  

In some simplifying hypotheses on the geometry and distribution of robot inertia, Geng et al. 

[57] and Tsai and Stamper [58] developed a Lagrange equation system of motion.  

Starting from the basic equations: 

𝑑

𝑑𝑡
 
𝜕𝐿

𝜕𝐱 
 −

𝜕𝐿

𝜕𝐱
+

𝜕𝑇

𝜕𝐱
 = 𝐟;     (1.2) 

Nguyen, Bouzgarrou et al. [59] determines all structural parameters of the robot. Lagrange's 

analytical calculation is, however, too long and the risk of errors is high [60]. 
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Particularities of parallel mechanisms and their 

importance in designing robots with 6DOF 

 1.4 Singular configurations 

Many of the recent work focuses on avoiding critical positions that can handle the 

mechanism where the workspace is reduced and the problem of finding an algorithm to 

determine a route that avoids singular configurations becomes complex [61-67]. 

Two remarkable types of singularities, called direct kinematic singularity and inverse 

kinematic singularity, are used to study and analyze parallel manipulators [68]. Another 

approach to the problem of singular positions was highlighted by Zlatanov, Bonev et al. [69], 

using the screw theory while Wolf, Shoham [70] have investigated these issues through the 

linear complex approximation. Another way to describe singularities is through geometric line 

providing a qualitative approach to them [71-73]. 

Singular positions correspond to the positions in which the Plücker coordinates robot of the 

axes of the joints form a dependent linear system, and these situations can be characterized in 

a pure geometric way [74].  

The algorithm used for instance, by Stoica A. et al. [75] for the analysis of singular 

configurations is based on the determinants of the two Jacobian matrixes, [𝐀] and [𝐁], derived 

from the geometric model and the inverse geometric model.  

The issue of critical positions is the subject of special studies on manipulating mechanisms 

[76-79]. These studies determine the set of critical positions, which sometimes form "surfaces" 

in the workspace, thus delimiting the size of this space. 

1.5 Redundancy of parallel mechanisms 

A new direction of development for the 6 DOF parallel handlers is micro-manipulators. Since 

1989, Hara [80] has proposed a 6-SPS parallel micro-manipulator that uses a ceramic 

piezoelectric actuator. In 1990, Taniguchi [81] developed another 6-PSS parallel micro 

manipulator. In his work Yuan Yun and Yangmin Li [82] refer to the peculiarities of a parallel 

manipulator with six degrees of freedom with piezoelectric actuators and double redundancy. 

The degree of redundancy is the consequence of some particular relative positions of the joint 

axes [83]. Moreover, according to the latest research, redundancy is a way to avoid single 

configurations [84]. 

Redundancy of parallel manipulators is defined as three types: action redundancy, arm 

redundancy and kinematic redundancy [85-94]. 

1.6 Workspace volume 

The workspace of the robot can be briefly defined as the volume generated by a point of the 

effector element when the mechanism takes all possible configurations. It can be classified into 

two categories: reachable workspace and orientation workspace [96]. 

It is known that an orientation of any system {R1}, relative to the other system {R2} is 

expressed using Euler angles. The final equation of the rotation matrix related to Euler angles is 

obtained by three successive elementary rotations applied to {R1} system, by angles ,  and 

respectively  [97].  

Using cylindrical coordinate representation for the orientation workspace, Merlet [98], obtains 

a graph of the volume of this space as a function of angle variation . The volume of the 

workspace is the subject of a series of scientific researches that underline the importance of this 

aspect [99-106]. 

Another problem of parallel mechanisms, in general, is the motion limitation imposed on their 

kinematic elements in order to avoid any collision between them [107]. Basically, these 
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Particularities of parallel mechanisms and their 

importance in designing robots with 6DOF 

 limitations determine a restricting workspace and the analysis of positions that may cause such 

collisions is a prerequisite for the proper functioning of the manipulator (Figure 1. 2). 

 
Figure 1. 2  Mechanical limitations imposed  

on Huck and spherical joints [107]. 
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Structural model and geometric analysis of the  

6RSS mechanism 

 

Cap. 2  Structural model and geometric analysis  

of the 6RSS mechanism 

2.1 Aspects related to the structure of the mechanisms 

The mechanism structure is that illustrated in Figure 2.1, with n fixed curves (𝑐1) ... (𝑐n), 𝑛 

spatial actuators 𝑏1... 𝑏n  linked to a mobile platform by 𝑛 spherical joint, 𝐵1... 𝐵n . The mobile 

platform is the one enclosed by the 𝐵j points. Links between 𝑛 spatial actuators b1 ... bn and 

curves (𝑐1)...(𝑐n ), are achieved through the 𝑛-type joints "point on curve" denoted 𝐴1... 𝐴n  

(Figure 3).. 

The degree of mobility of the mechanism is given by Grübler-Kutzbach relationship: 

𝑀 = 6 ∙ 𝑚 −  𝑐 ∙ 𝑘𝑛
5
𝑛=1 ;    (2.1) 

where: 

 𝑐 is the joint kinematics class; 
 𝑘𝑛  is the number of class 𝑛 create joints. 

 
Figure 0. 1 The generic structural scheme of parallel mechanism. 

With the mechanical structure of Figure 2, the degree of mobility is: 

𝑀 = 6 ∙ 𝑚 −  𝑐 ∙ 𝑘𝑛
5
𝑛=1 = 6 ∙ 𝑚 − 2𝑘2 − 3𝑘3;   (2.2) 

where: 

Finally result: 

𝑀 = 6 ∙  𝑛 + 1 − 2𝑛 − 3𝑛 = 𝑛 + 6; 

Each actuating arm has a local mobility given by the rotation around the axis 𝐴j𝐵j, which is 

independent of other possible motions of the mechanism. Eliminating such isolated mobility, it 

results 𝑀 = 6.  

This paper presents the approach to the workspace of the mobile platform of a RSS type 
manipulator with six degrees of freedom in different situations, when the constraints imposed on 
the platform are fully determined, limited or nonexistent. The mechanism has the following 
features: 

1. axis of rotational active joints Δj that generate circular trajectories (𝑐j) are coplanar, two-

by-two coincident and central-symmetrically disposed ; 

2. the actuating arms 𝑟j are of equal length; 

3. 𝑙j rods are of equal length; 

4. spherical joints of the mobile platform are coplanar and their centers are located on the 
vertices of a regular hexagon; 
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Structural model and geometric analysis of the  

6RSS mechanism 

 

5. the distance between 𝐴′j and 𝐴′j+1 is equal to the distance between 𝐵j and 𝐵j+1, 

𝑗 = 1, 3, 5. 𝐴′j and 𝐴′j+1 are projections of points 𝐴j and 𝐴j+1on the corresponding axis of 

the actuated joint. 
The 6RSS parallel manipulator consists of a fixed plate, to which six actuators are fitted, and 

a mobile platform on which is fitted the seventh actuator to drive a milling tool (Figure 2. 2). The 

components that transmit the movement to the mobile platform are six branches driven by the 

six actuators. 

 
Figure 0. 2 The new parallel manipulator 6RSS, highlighting kinematic joints. 

2.2 General geometric model 

The set of positions of mobile platform resulted when the six actuating arms cover their entire 

motion domain is a subset of the task space, which has six dimensions. From a practical 

viewpoint, it is useful to separate the task space into two spaces with three dimensions: 

localization space, and orientation space. 

The geometrical properties of the 6RSS manipulator are described by the direct geometric 

model or inverse geometric model. 

Direct geometric modeling consists of assigning values of the 1
k of each kinematic chain k, 

then determining the other parameters 2
k,…,6

k,𝑥,𝑦, 𝑧,,,   corresponding to each kinematic 

chain. The calculation is reduced to a multiple matrix product, and the orientation and 

localization parameters of the effector element are read directly from the resulting product 

matrix. There will be a system of six linear equations of the form: 

𝑆 =

 
 
 

 
 
𝐀1,0

1 ∙ 𝐀2,1
1 ∙ 𝐀3,2

1 …𝐀6,5
1 = 𝐁𝟏

.

.

.
𝐀1,0

6 ∙ 𝐀2,1
6 ∙ 𝐀3,2

6 …𝐀6,5
6 = 𝐁𝟔

 ;    (2.3) 

in which: 

𝐁 = 𝐓𝑂,𝐵
−𝟏 ∙ 𝐓𝑃 ,𝐵 ∙ 𝐓𝑃,6

−𝟏;    (2.4) 

By solving this system of equations with thirty-six unknowns we determine the working space 

of the parallel manipulator for any angular variation 1
k of the actuators l1

k. 

Invers geometric modeling consists of the algebraic assembly by which, starting from a given 

position of the mobile platform in the operative space, the Lagrange parameter values 

corresponding to that position can be determined. 
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Structural model and geometric analysis of the  

6RSS mechanism 

 

2.3 Direct geometric model. Restriction method 

În Figure 2. 3 schematically illustrates the general case of one of the kinematic chain of the 

6RSS parallel manipulator, with six rotational joints 𝑂k and twelve spherical joints, in 𝐴k  point 

and 𝐵k  point respectively. The actuating arms 𝑟k are rotated with 𝜃1
k  angle arround the axis with 

unit vector 𝐮𝐤, which passes through the 𝑂k point. The position of the 𝑂k point in the {Rb} 

reference system is known and both the length of the actuating arms rk and the value of the 

angle 𝜃1
k  are also known. By using parameters (𝑂k, 𝑟k, 𝜃1

k ), we can easly determine the centre 

position of the Ak spherical joint (k =1 … 6). Between 𝐵k coordinates of 𝐴k𝐵k elements and 

𝑏k coordinates of the mobile platform it is the relation: 

 𝐵𝑘 = 𝐓𝑃,𝐵 ∙  𝑏𝑘 ;     (2.5) 

 
Figure 0. 3 Structural 3D model of a single kinematic chain  

of the 6RSS manipulator. 

 
Figure 0. 4 Mobile platform of the parallel manipulator. 

In Figure 2.4 it is represented the mobile platform of the parallel manipulator. The platform 

has a polygonal shape and the intersection of its sides determines the 𝑏1... 𝑏k points. The 𝑏k 

point has the coordinate 𝑏k,1 , 𝑏k,2,  𝑏k,3  in the {RP} reference system of the platform. 𝑥𝐴 ,  𝑦𝐴 and 𝑧𝐴 

are functions of 𝜃k  and 𝑥𝐵, 𝑦𝐵, 𝑧𝐵 are the coordinates of 𝐵k  points in the fixed reference system.  

The geometric direct model for the 6RSS new manipulator is given by the equation system 

(2.6). The system allows to determine x, y, z, α, β, γ parameters of each k kinematic chain for 

the known 𝜃j
k  parameters of the mechanism. 
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𝑆 =

 
 
 

 
 

(𝑥𝐵
1 − 𝑥𝐴

1)2 + (𝑦𝐵
1 − 𝑦𝐴

1)2 + (𝑧𝐵
1 − 𝑧𝐴

1)2 − 𝑙2 = 0
.
.
.

(𝑥𝐵
6 − 𝑥𝐴

6)2 + (𝑦𝐵
6 − 𝑦𝐴

6)2 + (𝑧𝐵
6 − 𝑧𝐴

6)2 − 𝑙2 = 0

 ;  (2.6) 

Doing notation for the left member of (2.6) with 𝑓𝑘  (𝑥,𝑦, 𝑧,𝛼,𝛽, 𝛾), equation system can be 

written as: 

𝑆 =

 
 
 

 
 
𝑓1(𝑥,𝑦, 𝑧,,𝛽, 𝛾) = 0

.

.

.
𝑓6(𝑥,𝑦, 𝑧,,𝛽, 𝛾) = 0

;       (2.7) 

where, the unknowns 𝑥,𝑦, 𝑧,𝛼,𝛽, 𝛾 can be found in partial derivative equations of system (2.6). 

This equation system can be solved by Newton method. 

2.3.1 Application to the direct geometric model  

Based on the direct model, a program highlighting the convergence of the intermediate 

solutions was developed for the calculation of the parameters 𝑥,𝑦, 𝑧,𝛼,𝛽, 𝛾 . The program 

interface is shown in Figure 2.5. 

 
Figure 0. 5 Interface of the simulation program. 

We can distinguish the typical dimensions of the 6RSS parallel manipulator, values of the 

angles 𝜃k  (𝑘 = 1…6) and the parameters 𝑥,𝑦, 𝑧,𝛼, 𝛽, 𝛾 which describe the location and the 

orientation of the mobile platform. 

We have noted with 𝐴1... 𝐴6 the six actuators and a set of values for which the angular 

variation was established. We also represented a horizontal section through the volume 

described by the reachable positions of the mobile platform at same point. Also, the interface 

contains a text box with information on the number of iterations 𝑖, the error values of   and      a 

schematic representation of the 6RSS parallel manipulator, with multiple possibilities of viewing 

it from different angles. For a given position of the actuating arms we get different sections of 

the robot workspace. 
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2.4 Inverse geometric model 

Determination of the inverse geometric model was done by a geomeric construction. 

Developed equations represent an algebraic transposition of this construction. In the following 

section, a sequence of geometric constructions to determine the angular parameter 𝛿 for one 

actuating arm will be described. In contrast to the direct model, in case of an inverse model, the 

six parameters 𝛿j  (𝑗 =  1 . . . 6) can be determined independently, therefore the algorithm refers 

only to one branch of the parallel mechanism. 

Let us consider a Cartesian coordinate system of unit vectors (𝐯,𝐮,𝐤) attached to the 

cylindrical articulation C, in which 𝐮 is the unit vector of the articulation axis, 𝐤 is parallel to fixed 

axis 𝑧0  of the reference system (𝑥0,𝑦0, 𝑧0) and 𝐯 =  𝐮 ×  𝐤.  

The geometrical sequence of the inverse geometrical model includes the following steps: 

1. Calculating the coordinates of point B using the equation: 

𝐫B = 𝐓P,O ∙ 𝐛;     (2.8) 

where 𝐛 is the vector of the local coordinates (in the platform reference frame) of point B. 

2. Determining the distance 𝑑 between point B and plane [𝐤, 𝐯]: 

𝑑 =  𝐫B − 𝐫C ∙ 𝐮;    (2.9) 

If  𝑑 ≥ 𝑙1 jump out to point 6. 

3. Calculating the coordinates of point B': 

𝐫B ′ = 𝐫B − 𝑑 ∙ 𝐮;    (2.10) 

4. Calculating the distances 𝑎 = 𝐵′𝐶 and 𝑟 = 𝐵′𝐴 with relations: 

𝑎 =  𝐫C − 𝐫B′   and  𝑟 =  𝐫A − 𝐫B′  ;   (2.11) 

If 𝑎 ≥ 𝑟 + 𝑟1 or 𝑎 ≤ 𝑟 − 𝑟1 jump out to point 6. 

5. Calculating the value of angle φ (determined by the vectors v and CB′) projecting vector 

CB′ on the unit vectors 𝐤 and 𝐯. 

Resolving AB'C triangle (Figure 2.7) and determining angle between vectors AB and CB′). 

Obtaining the solution 𝛿 = 𝜑 − 𝜏. End of sequence. 

6. There is no solution. End of sequence. 

 

 

 

Figure 0. 6 Representation of a 

kinematic chain of the parallel manipulator 

6RSS. 

Figure 0. 7 Highlighting of the 

angles ,  and . 

Point A is at the same time on the circle plane determined by the unit vectors 𝐤 and 𝐯, with 

radius 𝑟1 centered on C and on the sphere of center B and radius 𝑙1 (Figure 2.6). 
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2.5 Translational subspace 

Due to the particular structure of the 6RSS parallel manipulator, the set of platform positions 

determines a space with six dimensions. Figure 2.8 shows cross-sections through a plane 

normal to the axis of rotation of the arm.  

 
Figure 0. 8 Cross-sections through locus of Bk point. 

 
Figure 0. 9 Spherical surface 

generated by locus of point Bk. 

 
Figure 0. 10 Volume translated with 

the BkP vector. 

 
Figure 0. 11 The volume when the 

sphere is moving on circle arc with 

radius rk. 

 
Figure 0. 12 The six individual loci 

before translation. 

For a given position of the actuatuatig arm, the locus of point Bk will be the spherical surface 

of radius 𝑙1 = 𝐴k𝐵k   and center 𝐴k  (Figure 2.9). For a single kinematic chain, the obtained 

volume can be viewed in Figure 2.11. 
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Since the platform is simultaneously affected by the restrictions applied to the six parallel 

chains, the locus of point P of the platform (reachable workspace of the point P) will be the 

intersection of the six individual loci described previously (Figure 2.12), respective translating 

the volume with the vector 𝐁𝐤𝐏  (Figure 2.10). 

The practical determination of the tangible space under the specified conditions was done 

with an AutoLISP application under AutoCAD and a Catia application, using the ability of the 

respective programs to generate volumes and intersect them. 

Using the same AutoLISP application, we can determine the tangible space of the 6RSS 

parallel mechanism for different combinations of parameters a1, b1, a2, b2, r1, l1, h.  

An extremely important role in achieving the largest possible volume of the tangible space of 

the robot has the parameter a1. A smaller influence on tangible  volume has the parameter a2, 

whose variation does not cause major changes to it.  

2.6 The volume of the translational workspace 

An algorithm has been developed to determine the boundaries of the technological space in 

order to maximize its volume. 

To illustrate how to use the proposed algorithm, a program in AutoLISP was written through 

which sections were done, and the V(z) diagram was realised. For this, a 'scanning' section 

procedure was written, determining the distance ’’y’’ at which the area of the rectangle entered 

is the maximum (Figure 2.13).  

  
Figure 0.13 Determining the 

rectangle of maximum area 

Figure 0. 14 Equidistant sectioning 

of the reachable workspace 

Next, a program was created to realised equidistant tangential sectioning  with a large 

number of planes, and each of these had the procedure described above (Figure 2.14).  

In the diagram of Figure 2.15 is the solution of the resulting maxim-maximorum volume. 

 
Figure 0. 15 Volume chart and the maximum-maximorum value 
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2.7  Orientation subspace 

As mentioned before in this work, for a certain position of the characteristic point given by the 

Cartesian coordinates 𝑥,𝑦, 𝑧 there is a tridimensional representation of possible orientations of 

the mobile platform given by the angular coordinates 𝛼,𝛽, 𝛾.  

 
Figure 0. 16 Sections through orientation subspace for point P (0, 0, -508) 

 
Figure 0. 17 Sections through orientation subspace for point P (0, 0, -428) 

The angles of variation 𝛼, 𝛽, 𝛾 are determined based on the rotation restrictions of the 

actuating arms. Based on original computer programs, we obtained cross-sections through 

parallel planes of the three-dimensional space. 

It has been highlighted sections through this orientation subspace. Thus, for a some position 

of characteristic point P, doing a section to an certain γ we can see from the top view the 

contour of the surface for the respective section (Figure 2. 16 - 2. 17). 

This contour bounds the set of values that can be assigned for α and β. In other words, for 

any values of α and β outside of the contour γ, the manipulator orientation is not possible. 
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2.8 Conclusions on the geometrical modeling of parallel 

mechanisms 

Determining the geometric model of parallel mechanisms is necessary both theoretically and 

especially in the exploitation of the robot. The motion of the platform is defined by an overlap of 

two movements: a translation one given by the displacement of the characteristic point and a 

spherical rotation determined by the change of its orientation towards a fixed reference sistem. 

Separating the subset of mobile platform positions into two three-dimensional spaces 

(locations and orientations) thus allows for a more rigorous analysis of the geometrical 

properties of the parallel mechanism, but also for a closer representation of the human 

perception of the two spaces. 

The use of the inverse geometric model and the translation subspace allowed the 

development of computational algorithms and software applications to determine the optimum 

workload of a parallel manipulator type 6RSS. The method used to determine the technological  

workspace  is useful in determining the working performance of the manipulators parallel to the 

chosen structure and can be extrapolated and in the modeling of other structural schemes. 

Using the algorithm used to determine the extreme values of the technological space, we can 

achieve its optimization, thus providing a better understanding of the possibilities of exploiting 

the parallel mechanism under consideration. Determining the dimensions of the technological 

space as accurately as possible determines the limits between which kinematic parameter 

values can be controlled. 
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Cap. 3 Kinematic analysis of the 6RSS parallel mechanism 

3.1 Kinematics particularities  of parallel mechanisms 

An important advantage of parallel manipulators is that superior structural stiffness makes 

them preferable to serial machines when handling heavy loads or performing high precision 

machining [109-113]. Parallel mechanisms also have a better distribution of inertia and are 

capable of performing accurate and fast movements. 

These qualities make parallel mechanisms find their applicability in various fields: flight 

simulators and fine positioning devices and fast packing for high-speed milling machines 

[114,115]. 

Various solutions for modeling the inverse Jacobian used in expressing speeds are 

presented in the literature [116-123].  

3.2 Methods of kinematic modeling  

3.2.1 Vectorial method 

The characterization of the manipulators in terms of the transformation of the relative 

movements of the actuating joint in the movement of the effector element is done by their 

kinematic model. Considering a mechanism with n movable elements, it is known that the 

generalized velocity vector has the form: 

𝐪𝟏 = [𝑞1  … 𝑞𝑛 ];     (3.1) 

Let be a mobile xOyz coordinate system originated at point O, OP being the position vector 

of a point P (belonging to the S-body) to the origin of the system and vO the linear velocity of 

point O (Figure 3.1). We also define the vector vP as the point P speed. 

 
Figure 3.1 Components that determine speed of the body [124]. 

The motion of the rigid consists of a translation in the direction of 𝐯𝑂 and a rotation with the 

velocity  around an axis passing through the point O. Between the four vectors there is the 

Euler relation:   

𝐯𝑃 = 𝐯𝑂 + 𝛚 × 𝐎𝐏;     (3.2) 

Angular velocity 𝛚 is located on a straight line called roto-translation axis in the same 

direction as the minimum speed 𝐯min  of the points on this axis. 

Let be 𝐢, 𝐣,𝐤 unit versor of the axis 𝑥,𝑦, 𝑧. We can express  and 𝐯𝑂  vectors in Cartesian 

coordinates: 

𝛚 = 𝜔𝑥 ∙ 𝐢 + 𝜔𝑦 ∙ 𝐣 + 𝜔𝑧 ∙ 𝐤;       (3.3) 

𝐯𝑂 = 𝑣𝑂𝑥 ∙ 𝐢 + 𝑣𝑂𝑦 ∙ 𝐣 + 𝑣𝑂𝑧 ∙ 𝐤;   (3.4) 

The six coordinates  𝜔𝑥 ,𝜔𝑦 ,𝜔𝑧 , 𝑣𝑂𝑥 ,𝑣𝑂𝑦 ,𝑣𝑂𝑧  are known as the Plücker coordinates. Thus, the 

movement of the body can be determined as a sum of elementary movements; three 

translations after the three axes and three turns along the same axes. 
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3.2.2 Kinematic screw method 

Determining the kinematics of parallel mechanisms involves establishing the equations of the 

resultant motion of a rigid body having a relative motion in relations to a mobile coordinates 

system. The resultant movement can be represented trough the kinematic screws by composing 

the screws of all the  components in motion. 

 In Figure 3.2 we have attached to a rigid body a coordinate system with center in point P 

(identical to the origin of the system O) which belongs to this. 

Consider the rigid body in an instantaneous motion relative to a roto-translational axis (Δ). 𝛚 

is the angular velocity of the body, r is the distance from point P relative to the roto-translational 

axis (Δ) and 𝜆 is the screw parameter given by the relation: 

𝜆 =
𝐯min

ω
;      (3.5) 

 
Figure 3. 2 Elements of the kinematic screw. 

We have the following expressions: 

𝛚 = 𝜔 ∙ 𝐮;      (3.6) 

𝐰 = 𝐫 × 𝐮 + 𝜆 ∙ 𝐮;     (3.7) 

where u is the unit vector of the instantaneous axis of rotation. 

When this axis is even one of the axes of the reference system, the expressions of  the unit 

vector ux, uy, uz of the homologous axes result slightly. 

Thus, any movement may be characterized by an overlap of two elementary movements : 

translational movement by u direction and a rotational movement. The expression of the 

kinematic screw becomes: 

𝛀 = 𝛀rot + 𝛀tra =  
𝛚

𝐫 × 𝛚
 +  

𝟎
𝐯
 ;    (3.8) 

3.2.3  Partial derivatives method 

The differential model of a robot is the one that allows the differential calculation of the 𝑑𝑥 of 

the operational coordinates defining the position in the work space, depending on the differential 

𝑑𝑞 of the generalized coordinates associated with each mechanical joint. Analytically, this 

dependence can write:  

𝑑𝑥 =   𝐉 ∙ 𝑑𝑞;     (3.9) 

where   𝐉  is the global Jacobian matrix which has the expression: 

  𝐉 =  𝐀 −1 ∙  𝐁 ;     (3.10) 

and the matrices [A] and [B] represent the inverse Jacobian, respectively the direct Jacobian of 

the mechanism. 

For most parallel mechanisms, it is more convenient to determine the Jacobian matrix that is 

related to the inverse transformation given by expression: 

              𝐉 −1 =  𝐁 −1 ∙  𝐀 ;     (3.11) 

The general kinematic model of the parallel mechanism is given by the relation: 
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 𝐁 ∙  𝐪  =  𝐀 ∙  𝐰  ;     (3.12) 

The direct kinematic model is the transformation by which instantaneous movement of the 

end effector element can be determined as a function of the relative speeds of the actuating 

joints: 

 
𝐯𝐏
𝛚
 =  𝐰  =   𝐉 ∙  𝐪  ;    (3.13) 

Where 𝐯𝐏 represent the velocity vector of the characteristic point having the expression: 

[𝐯𝐏]𝐓 =  𝑣𝑃𝑥 𝑣𝑃𝑦 𝑣𝑃𝑧  =  𝐱 𝐲 𝐳   and [𝛚]𝐓 =  𝜔𝛼 𝜔𝛽 𝜔𝛾  =  𝛼 𝛽 𝛾  . 𝛼,𝛽, 𝛾 represent 

Euler angle in the Roll-Pitch-Yaw system. 

3.3 The kinematic model of the 6RSS parallel mechanisms   

The 6RSS parallel mechanisms schematically represented in Figure 3. 3  has a fixed plate 

(on which the six drive actuators are mounted) and a mobile platform on which is mounted a 

seventh servomotor acting a milling tool. 

 
Figure 3. 3 Schematic representation of mechanism 6 RSS. 

The parallel mechanism is represented in Figure 3.4 in 3D view and in Figure 3.5 is the 

kinematic scheme of one the six kinematic k chains. 

 

Figure 3. 4 The new 6RSS parallel 

mechanisms. 

 

Figure 3. 5 The kinematic scheme 

of one branch. 
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Starting from the kinematic scheme presented above, we will define the motion equations for 

the six kinematic chains of the parallel mechanism when the characteristic point P follows a 

spatial curve (C) resulting from the intersection of two cylinders with radius 𝑟1 = 200 mm and the 

center at point 𝑄1 (200,−100,−500), respectively 𝑟2 = 75 mm and the center at point 

𝑄2  0, 0,−500 . 

3.4 Applying the restriction method to determine the kinematic 

model 

The position of the platform is determined by the position of point  P and the angle α (rotation 

of the platform by the axis of the cylinder). 

We will begin to write the motion equations for one of the kinematic chains, for the other 

chains the calculations are analogous. 

𝑆 =  
𝐯𝐀𝟏

= 𝛚𝟏 ×  𝐎𝟏𝐀𝟏       

𝐯𝐁𝟏
= 𝐯𝐏 + 𝛚𝐏 ×  𝐏𝐁𝟏

 ;    (3.14) 

It is known that: 

𝛚𝟏= 𝜔1 ∙ 𝐮𝟏𝟐;    (3.15) 

From relations (3.35) and (3.36) it results: 

𝑆 =  
𝐯𝐀𝟏

=  𝜔1 ∙ 𝐮𝟏𝟐 ×  𝐎𝟏𝐀𝟏

𝐯𝐁𝟏
= 𝐯𝐏 + 𝛚𝐏 ×  𝐏𝐁𝟏   

 ;     (3.16) 

For the six kinematic chains, we will have to solve six equations of form (3.17) whose matrix 

representation is: 

 
 
 
 
 
 
𝑞1 0 0 0 0 0
0 𝑞2 0 0 0 0
0 0 𝑞3 0 0 0
0 0 0 𝑞4 0 0

0 0 0 0 𝑞5 0

0 0 0 0 0 𝑞6 
 
 
 
 
 

∙

 
 
 
 
 
 
𝜔1

𝜔2

𝜔3
𝜔4

𝜔5

𝜔6 
 
 
 
 
 

=

 
 
 
 
 
 
𝑎1 𝑏1 𝑐1 𝑠1 𝑟1 𝑡1

⋮ ⋮
⋮ ⋮
⋮ ⋮
⋮ ⋮

𝑎6 𝑏6 𝑐6 𝑠6 𝑟6 𝑡6 
 
 
 
 
 

∙

 
 
 
 
 
 
𝑣𝑃𝑥
𝑣𝑃𝑦
𝑣𝑃𝑧
𝜔𝑃𝑥
𝜔𝑃𝑦

𝜔𝑃𝑧  
 
 
 
 
 

;  (3.17) 

The relationship (3.17) written in compact form becomes: 

 𝐁 ∙ [𝐪 ] = [𝐀] ∙ [𝛕]; 

In order to determine the components of the vector 𝛚𝐏, we consider the particularity of the 

application, i.e. the platform has a rotation motion with  angle, the components on the other 

two directions being null. 

3.4.1 Applying the kinematic screw method for the 6RSS parallel 

mechanisms 

In the case of the parallel mechanism analyzed, by composed a number of kinematic screws 

of a kinematic chain, the resulting motion will be described by the kinematic screw obtained by 

summing the n kinematic screws: 

𝛀 = 𝛀1 + 𝛀2 + ⋯+ 𝛀𝑛  ;    (3.18) 

 

Each actuated arm has a local mobility given by the rotation around the axis AkBk, 

independent movement relative to the other possible movements of the mechanism (Figure 

3.6). 

At each angular velocity 𝛚𝟏,… ,𝛚𝐏 corresponds a kinematic screw 𝛀1 ,… ,𝛀P  so that for the 

six kinematic chains of the mechanism will result the system of equations: 
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 𝛀𝟏

(𝟏)

 
+ 𝛀𝟐

(𝟏)

 
+ ⋯+ 𝛀𝟔

(𝟏)

 
= 𝛀𝐏  

𝛀𝟏
(𝟐)

 
+ 𝛀𝟐

(𝟐)

 
+ ⋯+ 𝛀𝟔

(𝟐)

 
= 𝛀𝐏  

𝛀𝟏
(𝟑)

 
+ 𝛀𝟐

(𝟑)

 
+ ⋯+ 𝛀𝟔

(𝟑)

 
= 𝛀𝐏  

𝛀𝟏
(𝟒)

 
+ 𝛀𝟐

(𝟒)

 
+ ⋯+ 𝛀𝟔

(𝟒)

 
= 𝛀𝐏  

𝛀𝟏
(𝟓)

 
+ 𝛀𝟐

(𝟓)

 
+ ⋯+ 𝛀𝟔

(𝟓)

 
= 𝛀𝐏  

𝛀𝟏
(𝟔)

 
+ 𝛀𝟐

(𝟔)

 
+ ⋯+ 𝛀𝟔

(𝟔)

 
= 𝛀𝐏  

 ;    (3.19) 

 
Figure 3. 6 Angular velocities of kinematic joints belonging to a k-chain. 

We get the expressions of 𝜔𝑃 , 𝜆𝑃  and 𝐫𝐏  that fully describe the movement of the platform: 

𝜔𝑃  =   Ω1
P 

2
+  Ω2

P 
2

+  Ω3
P 

2
;           (3.20) 

 𝜆𝑃 = Ω1
P ∙ Ω4

P + Ω2
P ∙ Ω5

P + Ω3
P ∙ Ω6

P ;           (3.21) 

 𝐫𝐏 =  Ω1
P ∙ 𝐢 + Ω2

P ∙ 𝐣 + Ω3
P ∙ 𝐤 ×  Ω4

P ∙ 𝐢 + Ω5
P ∙ 𝐣 + Ω6

P ∙ 𝐤 ; (3.22) 

3.5 Generating virtual displacements with Hermite polynomials 

The aim is to determine a polynomial function: 𝐻(𝑞), (𝑞 ∈ ℝ) defined on the interval [𝑞1, 𝑞2] 

and to satisfy the conditions: 

  𝐻 𝑞1 = 𝑝1;    𝐻′′  𝑞1 = 𝑝1
′′ ; 𝐻′ 𝑞2 = 𝑝2

′ ;

   𝐻′  𝑞1 = 𝑝1
′ ; 𝐻 𝑞2 = 𝑝2; 𝐻′′  𝑞2 = 𝑝2

′′ ;
   (3.23) 

in which 𝑝1,2, 𝑝1,2
′ , 𝑝1,2

′′  are respectively the values of the function of the first derivative and the 

second derivative at the ends of the interval. 

The polynomial will therefore be of the form: 

𝐻 𝑞 = 𝑎5𝑞
5 + 𝑎4𝑞

4 + 𝑎3𝑞
3 + 𝑎2𝑞

2 + 𝑎1𝑞 + 𝑎0;   (3.24) 

with derivatives: 

𝐻′  𝑞 = 5𝑎5𝑞
4 + 4𝑎4𝑞

3 + 3𝑎3𝑞
2 + 2𝑎2𝑞 + 𝑎1;   (3.25) 

𝐻′′  𝑞 = 20𝑎5𝑞
3 + 12𝑎4𝑞

2 + 6𝑎3𝑞 + 2𝑎2;    (3.26) 
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The system of equations representing the conditions (3.23) is: 

 
  
 

  
 
𝑎5𝑞1

5 + 𝑎4𝑞1
4 + 𝑎3𝑞1

3 + 𝑎2𝑞1
2 + 𝑎1𝑞1 + 𝑎0 = 𝑝1

𝑎5𝑞2
5 + 𝑎4𝑞2

4 + 𝑎3𝑞2
3 + 𝑎2𝑞2

2 + 𝑎1𝑞2 + 𝑎0 = 𝑝2

     5𝑎5𝑞1
4 + 4𝑎4𝑞1

3 + 3𝑎3𝑞1
2 + 2𝑎2𝑞1 + 𝑎1 = 𝑝1

′

     5𝑎5𝑞2
4 + 4𝑎4𝑞2

3 + 3𝑎3𝑞2
2 + 2𝑎2𝑞2 + 𝑎1 = 𝑝2

′

                20𝑎5𝑞1
3 + 12𝑎4𝑞1

2 + 6𝑎3𝑞1 + 2𝑎2 = 𝑝1
′′

                20𝑎5𝑞2
3 + 12𝑎4𝑞2

2 + 6𝑎3𝑞2 + 2𝑎2 = 𝑝2
′′

 ;   (3.27) 

The method of Hermite polynomials is based on the observation that the same conditions at 

the ends of the interval will be met by a polynomial function having the expression: 

𝐻 𝑞 = 𝐻1 𝑞 + 𝐻2 𝑞 + 𝐻3 𝑞 + 𝐻4 𝑞 + 𝐻5 𝑞 + 𝐻6 𝑞 ;  (3.28) 

where 𝐻1 …  𝐻6  are five-degree polynomial functions.   

3.5.1 Polynomial formulation of the motion parameters for the 6RSS 

mechanism 

The motion of the characteristic point P in the case of the parallel mechanism 6RSS is given 

by the equations: 

𝑥 =  𝑥 𝑡 ;  𝑦 =  𝑦 𝑡 ;  𝑧 =  𝑧 𝑡 ;    (3.29) 

The goal of this application is to determine the trajectory of the characteristic point, knowing 

the coordinates of the extremities of the AB and BC intervals respectively the values of the 

velocities and accelerations of the point P at the ends of the intervals. We have the points 

𝐴(−132.17,−132.17,−530), 𝐵(66.58,−204.91,−415) and 𝐶(−202.98,−141.64,−300).  

A computational program was developed by means of which the coordinates of the points P, 

respectively their velocities and accelerations were determined based on given input 

parameters. An Excel macro has been created in order to generate the Hermite function values 

list.  

The data obtained through the computational program was imported into a previously 

created AutoLisp file in which the workspace and trajectories determinated by the motion of the 

characteristic point of the robot was generated (Figure 3.7).  

 
Figure 3. 7 Trajectory of point P through the workspace. 
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3.6 Determining the optimal trajectory of the characteristic point 

with the restriction of avoiding a given space 

Based on the geometric model of the 6RSS parallel robot, the limits of the robot 

technological workspace were determined (Figure 3.8).  

 

 
Figure 3. 8 The volume of the technological workspace. 

This resulted in a rectangular parallelepiped with a square base whose volume is 𝑉𝑡ℎ =

16.71 dm3.  

A number of research has been carried out that highlighted the importance of the 

optimization process [129-135].  

In the case of the problem presented, the objective function is the length of the trajectory, 

and the constraints are represented by the condition of avoiding a given volume within the 

workspace. 

 
Figure 3.9 Fascicle of curves determined by the variation of the motion parameters 

By varying some parameters (the displacement times from A to B or B to C, the velocity or 

acceleration of point B) we obtain a curve fascicle with different trajectories (Figure 3.9). 

The optimized function in this application is the trajectory length described by the 

characteristic point having the expression: 

𝐿𝑐 =   𝑃𝑗−1 − 𝑃𝑗  
𝑛
𝑗=1 → 𝑚𝑖𝑛;   (3.30) 
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Figure 3. 10 The resulting initial trajectories. 

These solutions are the initial values of the design variables. The value of the objective 

function is calculated with these initial values. The resulting trajectories are represented in 

Figure 3.10. 

Thus, a series of eleven trajectories were determined of which were chosen those that satisfy 

the imposed conditions. Iteration continues with the same time intervals and ranges only from 

the velocity and acceleration of point B.  

 
Figure 3. 11 Determination of the minimum length trajectory. 

By successive calculations we determine the minimum value of the characteristic point 

trajectory length corresponding to an interval j (Figure 3.11). 

3.6.1 Determining the optimal path, with the objective function 

minimizing its travel times  

For this application, the objective function is the duration of a manipulation operation. We 

propose to determine an optimal trajectory of the characteristic point defined on the  ℎj 𝜆  
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functions by avoiding an imposed volume inside the robot's technological workspace so that the 

runtime of this trajectory is minimal. 

 

 
Figure 3. 12 Position of the sphere relative to the 

AC direction. 

 
Figure 3. 13 Rotated section in 

spherical volume with trajectory of 

characteristic point. 

The volume to be avoided by the end effector is the spherical surface from the inside of the 

robot's technological workspace. The centre of this radius 𝑟 = 80 mm  is  𝑆 (−45, 21,−410). 

The trajectory described by the motion of the characteristic point is analysed when the sphere is 

interposed on the rectilinear trajectory between the points 𝐴(84,−150,−405) and 

𝐶(−130, 125,−350) on the ends of the interval (Figure 3.12, 3.13). In this case, the intermediate 

point 𝐵 −42.64, 7.09,−331.25  on the trajectory described by the Hermite function belongs to 

the sphere so that 𝑆𝐵 = 𝑟 and 𝑑(𝑆,𝐴𝐶) < 𝑟.  

We consider the velocity direction in point 𝐵,  𝐯𝐁  parallel to the 𝐀𝐂 direction and the 

acceleration of point B equal to zero (𝐚𝐁 = 0). Thus, the three points A, C and S determine a 

plan 𝜗 containing all trajectories described by the Hermite function (Figure 3.14). 

 

 
Figure 3. 14 Fascicle of curves determined by the trajectories of point P. 

Trajectory displacement times were varied on both the AB and BC intervals between two 

values 𝑇𝑚𝑖𝑛  and 𝑇𝑚𝑎𝑥 . The optimized function for this application is the displacement time on the 

trajectory path described by the characteristic point. The expression of this function is: 

𝑇 = 𝑇1,i + 𝑇2,j → 𝑚𝑖𝑛;    (3.31) 
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3.7 Determination of singular configurations of the 6RSS 

parallel mechanism  

Determining the singlular configurations is a central issue for the kinematic model  of the 

robot. The issue of critical positions is subject to special studies on parallel mechanisms [136-

141]. In the case of the 6RSS parallel manipulator, these singular positions can be 

geometrically expressed by the following two conditions: 

- when point B belongs to the plane [P1]determined by the unit vector u of the rotational joint 

and point A (Figure 3.15); 

- when point A belongs to the plan [P2] of the mobile platform (Figure 3.16). 

 
Figure 3. 15 . Singularity of type I, point B belongs to the plane [P1]. 

 
Figure 3. 16 Singularity of type II, point A belongs to the plane [P2]. 

To determine these singular configurations, a program was created to realise three-

dimensional representations of the functions of determinants ∆ 𝐁   and ∆ 𝐀  of the direct and 

inverse Jacobian matrix. Based on these three-dimensional representations, was realised 

sections with  plans corresponding to the zero value of the two functions ∆ 𝐁  and ∆ 𝐀  (Figure 

3.17, 3.18).  
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Figure 3. 17 Section with a plane corresponding to the value 

 ∆ 𝐀 = 0 for z = -200mm 

 
Figure 3. 18 Section with a plane corresponding  to the value 

 ∆ 𝐀 = 0 for z = -315mm   

3.8 Manipulability of parallel mechanism 

The concept of manipulating robots has been introduced by Yoshikawa since 1985. He 

believes that when the manipulability index μ reaches the maximum, the robot is at the furthest 

position from a singular configuration. Manipulability for redundant robots is defined by the 

expression [142]: 

𝜇 =  det  𝐉 ∙  𝐉  𝐓 ;    (3.32) 

in which [ 𝐉] is the global Jacobian matrix of the robot and  𝐉  𝐓is transposed. 

For non-redundant robots, the manipulability index μ is given by the relationship [143]: 

𝜇 =  det( 𝐉 ) ;     (3.33) 

According to some researchers, the manipulability quantifies the capacities to transmit the 

manipulability speed or, in other words, the robot dexterity [144]. In order to better determine 

manipulability, it was proposed to separate its translation and rotation movements [145]. 

For the kinematic quantitative evaluation of parallel robots, the manipulating ellipsoid concept 

was introduced. This ellipsoid is determined by the final effector speed fields v, which satisfies 

the condition: 

 𝐪  ≤ 1;     (3.34) 
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This ellipsoid belongs to the robot's Euclidean m-dimensional space. Thus, in the direction of 

the major axis of the ellipsoid, the final effector will move at high speed and in the direction of 

the minimum axis of the ellipsoid, the end effector will travel at a low speed. If this ellipsoid is a 

sphere, the end effector will move uniformly in all directions. 

Another dimension representative of the ellipsoid manipulability capacity is its volume. The 

higher the volume of the ellipsoid, the faster the end effector will move. The volume of this 

ellipsoid is given by the formula [146]: 

𝑉eps = 𝜇 ∙ 𝑐m ;     (3.35) 

in which:  

𝜇 = 𝜎1 ∙ 𝜎2 ∙ … ∙ 𝜎m ;     (3.36) 

 𝑐m  is a constant coefficient whose expression is: 

𝑐m =

 
 

 (2𝜋)
𝑚
2

2∙4∙6…∙(𝑚−2)∙𝑚
  for 𝑚 = even

2∙(2𝜋)
𝑚−1

2

1∙3∙5…∙(𝑚−2)∙𝑚
  for 𝑚 = odd

 ;   (3.37) 

It is known that for the matrix  𝐉  of the dimension 𝑚 × 𝑛, 𝜎1,𝜎2,… ,𝜎𝑚  represents the biggest 

𝑚 single values of the matrix  𝐉 .  

3.9 Conclusions on kinematic analysis and optimization method 

used 

Based on the kinematic analysis of the 6RSS parallel mechanism, a method for determining 

the optimal trajectory of the characteristic point was presented. For the purpose of defining the 

end efector motion, polynomial Hermite expressions of geometric parameters were used as time 

functions. 

The polynomial variation of motion parameters was highlighted on the basis of 

computational programs and by means of some CAD applications the trajectory of the 

characteristic point within the robot workspace was determined. In the optimization process two 

distinct formulations of the optimization objective were addressed: 

- minimizing the trajectory length of the characteristic point, belonging to the end effector 

element, relative to additional imposed conditions; 

- minimizing the trajectory time of the characteristic point while respecting certain additional 

requirements imposed. 

In the way of minimizing the trajectory length, elements of the classic optimization method 

have been highlighted based on objective functions and some restrictions. 

For the second optimization, determination of the optimal solution under the given conditions 

was done by decomposing the trajectory into two sectors, separated by an imposed point of it. 

The optimization problem was solved by a numerical analysis of the parameters.  
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Cap. 4 Dynamic analysis of the 6RSS parallel mechanism 

4.1 Aspects of the dynamic analysis of the parallel mechanisms 

Based on the classical theory of mechanical dynamics, numerous research has been carried 

out on the dynamic performance of various parallel mechanisms [147-167]. 

Several methods of dynamic analysis of parallel mechanisms have been identified among 

which the most commonly used approach is based on the Newton-Euler formula of the 

d'Alembert principle. Through this method, the Newton-Euler equations are applied to each 

body isolated from the rest of the mechanism. Using this method, all the forces Σ 𝐅jk  and the 

connecting moments  𝐌jk  from each kinematic coupling 𝐴jk obtained from the 𝑂jk  origin of the 

local coordinate system attached to each body 𝒞jk  (Figure 4.1) are obtained.  

 
Figure 4.1 General representation of the parallel mechanism. 

We point out that  𝐅jk  is the resultant of the external forces 𝐑𝑃, acting at the point P, and 

 𝐌jk  is the resultant moment 𝐌𝐺 , of the external forces applied to the platform in the center of 

gravity 𝐺. 

Forces and moments of inertia have the expressions: 

𝐑𝑃 =  𝐅jk  = 𝑚jk  𝐯 jk + 𝛚 jk × 𝐌𝐒jk
+ 𝛚jk ×  𝛚jk × 𝐌𝐒jk

 ;  (4.1) 

𝐌𝐺 =  𝐌jk  = 𝐈𝑂jk
𝛚 jk + 𝐌𝐒jk

× 𝐯 jk + 𝛚jk ×  𝐈𝑂jk
𝛚jk ;    (4.2) 

Another approach for determining the dynamic model is based on Lagrange equations that 

use kinetic and potential energy expressions [168, 169]. This model is expressed synthetically 

through the system of differential equations [170]: 

d

dt
 
∂E

∂𝐪 
 −

∂E

∂𝐪
+

∂U

∂𝐪
= 𝛕 − 𝐉𝐓 𝐪, t 𝛌;     (4.4) 

Lagrange equations lead to a dynamically expressed model based on the relationship [171]: 

𝛕 = 𝐌 𝐪 𝐪 + 𝐜 𝐪,𝐪  ;    (4.5) 

De Another way to dynamically analyze parallel mechanisms is based on the principle of 

virtual mechanical work, which determines the forces of inertia and the moments acting on the 

mobile platform and the actuating arms [172-174]. This dynamical model is based on d 

'Alambert's principle that the power 𝐏𝐈 resulting from the forcing forces of a body moving at a 

virtual (linear and / or angular) speed 𝐯𝒗𝒊𝒓𝒕 respectively  𝛚𝒗𝒊𝒓𝒕 is equal to the sum of the power 
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𝐏𝐅𝐞𝐱𝐭 resulting from the external forces applied to the body and the power 𝐏𝐅𝐢𝐧𝐭 resulting from the 

internal forces applied to it (4.6). 

𝐏𝐈 = 𝐏𝐅𝐞𝐱𝐭 + 𝐏𝐅𝐢𝐧𝐭;     (4.6) 

4.2 Dynamic model of the 6 RSS parallel mechanism based on 

the d 'Alembert's principle 

The dynamic model, like the other models used in the study of the mechanisms, has two 

complementary practical formulations: the dynamic dynamic model and the inverse dynamic 

pattern. 

In the case of the dynamic model, actuator 𝐌a  torques and inertial characteristics are known 

and the trajectory, velocity and acceleration of the characteristic point are determined. In the 

case of the reverse dynamic model, the trajectory, velocity and acceleration of the characteristic 

point of the end effector is known, and the actuator torques 𝐌a  of the actuating joints are 

determined. 

 
Figure 4. 2 Representing one of the kinematic k chains 

of the 6RSS parallel mechanism. 

The system of equations (4.7) containing the equations of dynamic equilibrium of the 

D'Alembert for each isolated element 𝑆𝑗𝑘  of the mechanism. 

 
 𝐑 = 0
 𝐌 = 0

 ;        (4.7) 

The two sums of forces and moments from relation (4.7) have the expression: 

 𝐑 = 𝐑𝐈j
+ 𝐑𝐋j

+ 𝐑𝐀j
= 0;    (4.8) 

 𝐌 = 𝐌𝐑𝐈j
+ 𝐌𝐑𝐋j

+ 𝐌𝐑𝐀j
= 0;     (4.9) 

The calculation algorithm involves the following steps: 

1. Each mobile element 𝑆𝑗𝑘  of the mechanism is sequentially isolated and is represented: 

applied forces, reactions forces. the torsion elements of the inertial forces reduced to the 

center of gravity. 

2. The cinematic equilibrium equations for each body are written, finally obtained the 6n 

equations for n number of elements; 

3. Relationships between body accelerations are established; 
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4. It solves the system of algebraic equations containing the kinetostatic equilibrium 

equations, resulting  the reactions of the joints (forces and moments). 

The principle of d 'Alembert was applied to one of the six kinematic k chains of the 

mechanism. We isolate the mobile element 𝑆11  and write the kinetostatic equilibrium equations 

for this body (Figure 4.3). 

 
Figure 4. 3 Applying the principle of d'Alembert for the mobile element 𝑆11. 

We write the D'Alembert equations of dynamic equilibrium corresponding for the element 𝑆11  

(Figure 4.3): 

 
                      𝐑𝐈1

+ 𝐑𝐋1
+ 𝐑𝐀1

= 0

𝐌𝐑𝐈1
+ 𝐌𝐑𝐋1

+ 𝐌𝐑𝐀1
+ 𝐌𝟎𝟏 = 0

 ;    (4.16) 

Similarly, we apply the same principle to body 𝑆21 , (Figure 4.4), and write the kinetostatic 

equilibrium equations for it:   

 
                    𝐑𝐈2

+ 𝐑𝐋2
+ 𝐑𝐀2

= 0

𝐌𝐑𝐈2
+ 𝐌𝐑𝐋2

+ 𝐌𝐑𝐀2
+𝐌𝟑𝟐 = 0

 ;    (4.17) 

 
Figure 4. 4 Applying the principle of d'Alembert for the mobile element 𝑆21. 
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Finally, we apply the same principle to body 𝑆31 , (Figure 4.5), and write the kinetostatic 

equilibrium equations for it:   

 
Figure 4.5 Applying the principle of d'Alembert for the mobile element 𝑆31. 

 
                    𝐑𝐈3

+ 𝐑𝐋3
+ 𝐑𝐀3

= 0

𝐌𝐑𝐈3
+ 𝐌𝐑𝐋3

+ 𝐌𝐑𝐀3
+𝐌𝟐𝟑 = 0

 ;    (4.18) 

Given that for the thirteen mobile elements of the 6RSS parallel mechanism are written six 

equivalent equations of equilibrium, we will produce seventy-eight equations plus six equations 

of orthogonality having the form 𝐌𝟎𝐤 ∙ 𝐮𝐤 = 0, in a total of eighty-for equations. By resolving 

these equations will result forces and moments of kinematic joints.  

4.3 Analysis of power losses in spherical joint 

The importance of spherical joints has led many researchers to developed a series of studies 

to determine their influence on the dynamics of mechanical systems [175-183]. 

In this subchapter there is presented a method for determining the power lost by the 6RSS 

parallel mechanism by friction between the components of the spherical joints that make up the 

six kinematic chains thereof. Determination of these power losses in the spherical joints was 

done in an application where the characteristic point it's moving on a closed space curve, 

neglecting the inertial forces, the movement being performed very slowly.  

 
Figure 4.6 Representing spherical joint with point position 𝐴s  and 𝐴b . 

Using the Catia software, the variation graphs of the versor 𝐮𝟐 of the direction 𝐀𝐁 and of the 

vector 𝛚 𝟐𝟏 have been determined depending on the position of the point 𝑃j  on the given spatial 
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curve. The trajectory of a point belonging to the spherical head of the spherical kinematic joint of 

the parallel mechanism was obtained and the graphs of the traiectory’s projections on the three 

plans XY, ZX, YZ were done. 

Figure 4.6 shows the spherical joint of one of the 𝐴k  points. 

It has been done an application in which was considered the characteristic point P in motion 

on a spatial curve of length L =  528.637 mm, when  ≠  ≠ 0 = 𝑐𝑡 and  is variable (𝛼, 𝛽, 𝛾 

are the three orientation parameters of the mobile platform). In this application, the point P is in 

permanent contact with the curve. It has been stated that in the application done through the 

Catia software, the motion parameter is an arc of curve by equal length, dividing the curve into 

72 equally distributed points on it, whose Cartesian coordinates are returned by the program. 

The particularity of the application is that the inertia forces  𝐅𝐢 are neglected, the motion being 

performed very slowly, therefore, there is only one axial force 𝐅𝟐𝟏 acting in the 𝐀𝐁 direction 

(Figure 4.7).  

 
Figure 4. 7 Highlighting the point of contact 𝑘 of the spherical joint A. 

It has been noted with  the angle between versor 𝐮𝟐 and the versor 𝐮𝟐𝟏  and with R the 

radius of the spherical head of the joint. Also 𝛚 𝟐𝟏 is the angular velocity of the contact point 𝑘. 

Taking into account the imposed condition 𝐅𝐢 = 0, it can be written the following expression for 

the power loss 𝐏𝐟 determinated by friction between the kinematic joint elements in point A: 

𝐏𝐟 = μ ∙ 𝐅𝟐𝟏 ∙ 𝛚𝟐𝟏 ∙ R ∙ sin;    (4.19) 

The mechanical work of friction forces is: 

𝐋𝐟 =  𝐏𝐟
𝑇

0
𝑑𝑡 = μ ∙ 𝐅𝟐𝟏 ∙ R  (𝛚𝟐𝟏 ∙ sin)

T

0
𝑑𝑡;   (4.20) 

The integration of formula (4.20) was done numerically with the trapeze method, using the 

finite formula: 

 𝐋𝐟 ≈ μ ∙ 𝐅𝟐𝟏 ∙ R (𝛚𝟐𝟏 ∙ sin)i
72
i=1 ∙ ∆t ;   (4.21) 

where: 

∆t =
𝑇

72
 𝑠 ;     (4.22) 

represents the time required to go through one of the 72 equal circle arcs. 

 Admitting a constant speed of motion of the point on the curve, 𝑣 = 10 mm/s, and 

knowing its length ( L), results the time T required for following the curve: 

𝑇 =
𝐿

𝑣
= 52.8637 𝑠 → ∆t = 0.7342  𝑠 ;   (4.23) 

By admitting a friction coefficient 𝜇 = 0.2, it can be determined the lost power by friction 𝐏𝐟 in 

the kinematic joint of point A for each position 𝑃j of the characteristic point. By summing these 

values, it has been obtained the frictional power losses in the A kinematic joint: 
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𝐏𝐟 = μ ∙ R (𝛚𝟐𝟏 ∙ sin)i
72
i=1 = 0.13  W ;   (4.24) 

Using the above application, with the displacement of the characteristic point on the space 

curve, we will further determine the trajectory of the contact point 𝑘 from a spherical joint 𝐴k  

taking into account the effect of the inertial forces. 

By varying the load on one of the spherical joints 𝐴k  of the parallel mechanism, we obtain 

different trajectories of the contact point 𝑘. As can be seen from Figure. 4. 8 the length of these 

trajectories is directly proportional with the load of the joint. 

 
Fig. 4.8 Modify the described trajectories 

by point 𝑘 depending on the load in the joint
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Cap. 5 General conclusions, original contributions and 

perspectives 

5.1 General conclusions  

The scientific research and scientific work undertaken during the three years of doctoral 

studies on parallel mechanisms in general and parallel mechanisms with six degrees of freedom 

in particular, allowed the synthesis of scientific results and the highlighting of their main aspects 

required in the design and control process. 

The main aspects studied and described in the Ph.D. thesis concern the analysis of the 

working space, the kinematics and the dynamics of a new complex parallel mechanism with six 

degrees of freedom with a configuration that allows its applicability in various fields. 

Determining the geometric model (imposed by the structural particularities of the 6RSS 

parallel mechanism) is a necessary step in the exploitation of the robot. The motion of the 

platform is defined by an overlap of two motion: a translation one given by the displacement of 

the characteristic point and a spherical rotation determined by the change of its orientation 

relative to the one fixed reference system. 

The multitude of the mobile platform positions were separated into two three-dimensional 

spaces that allow a more rigorous analysis of the geometric properties of the parallel 

mechanism, but also a representation closer to the human perception of the two spaces. 

A method has been developed to determine the workspace of the robot that can be 

extrapolated and to model other structural schemes. For this purpose, computational algorithms 

and software applications were created to determine the optimum workspace of the 6 RSS 

parallel mechanism. These applications offer the opportunity to optimize this workspace for the 

efficient exploitation of the parallel mechanism under review. Determining the dimensions of the 

technological space as accurately as possible determines the limits between which kinematic 

parameter values can be controlled.Pentru definirea mișcărilor elementului efector au fost 

utilizate expresii polinomiale Hermite ale parametrilor geometrici ca funcții de timp. 

For the purpose of defining the displacement of the end efector element, polynomial Hermite 

expressions of geometric parameters were used as time functions. 

Various methods have been presented for determining the angular speeds of the actuators 

of the parallel mechanism. The described applications are different ways of approaching the 

robot's kinematic problem. 

Based on some computational programs, the polynomial variation of the motion parameters 

was highlighted, and with the help of some CAD applications, the trajectory of the characteristic 

point within the robot workspace was determined. The angular speeds of the actuating arms 

could also be determined when the end effector follows the trajectory described by the Hermite 

function. 

The optimization process was aimed at: 

- minimizing the trajectory length of the characteristic point, belonging to the effector 

element, subject to additional imposed conditions; 

- minimizing the trajectory time of the characteristic point while respecting certain additional 

imposed conditions. 

The optimization problem was solved by a numerical analysis of the parameters. This way of 

solving the optimization problem was chosen to avoid an analytical formulation of the objective 

function. 
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Based on the two Jacobian matrices, the two types of singularities encountered in the 

parallel mechanisms were defined, realising three-dimensional representations of the functions 

of the determinants of the two matrices. With the help of the same program, there were sections 

that highlight critical curves for a given position and orientation. 

To determine the dynamic model, an application was made to force the movement of the 

characteristic point inside the robot technological space between two extreme positions A and C 

on a trajectory whose curve is determined by an intermediate point B located thereon. 

The dynamic modeling of the parallel mechanism was done using the kinetostatic method 

based on d'Alembert's principle. 

Determination of the inertial characteristics of the moving elements belonging to the 

analyzed mechanism was done by means of a CAD softwere for the imposed movement. 

For each of the six kinematic 𝑘 chains of the mechanism, seventy-eighth of equations plus 

six orthogonality equations in total eighty-two equations resulted. By solving them the forces 

and moments of the kinematic joint were determined. 

The study of the loss of power in spherical joints was done on a concrete case, based on the 

kinematic and dynamic analysis of the 6RSS parallel mechanism. 

The trajectories described by the contact point were analyzed in two different cases: 

 in the first case the forces of inertia were neglected, the movement being carried out 

at very low speed; 

 in the second case the analysis was done based on the dynamic model, varying the 

load in the spherical joint  

Based on the original programs, were highlighted the trajectory of the contact point  

belonging to the spherical joint. 

Chapter 5 presents the conclusions of the entire research work and highlights personal 

contributions in the field of geometrical, kinematic and dynamic modeling of parallel 

mechanisms. 

5.2 Personal contributions 

Achieving the research objectives proposed for this work were based on the following original 

personal contributions: 

• Doing up-to-date documentation on parallel mechanisms and highlighting the main aspects 

of them needed in the design and control process; 

• Developing a method for determining the technological workspace of the robot that can be 

extrapolated and for modeling other structural schemes; 

• Creating computational algorithms and software applications through which the optimal 

workspace of the parallel manipulator could be determined; 

• Creating original AutoLISP codes to determine the tangible space of the robot; 

• Achievement of computational programs which revealed the polynomial variation of the 

movement parameters; 

• Creation of original AutoLISP codes that allowed the realization of three-dimensional 

representations of the determinant functions of the two Jacobian matrices; 

• Creating computational algorithms that have solved the dynamic problem; 

• Development of an original method for determining the power losses due to friction between 

the components of the spherical joints of the parallel mechanism. 
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5.3 Research perspectives 

 • Realization of an experimental stand with the 6RSS parallel mechanism and the study of 

its real behaviour 

• Deepening research to find new, more effective methods for kinematic and dynamic 

analysis of parallel mechanisms; 

• Expanding research into other types of parallel mechanisms; 

• Creating programs to optimize the trajectory based on PSO algorithms. 
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