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FOREWORD 
 

 

 

 Noncircular gears are an ongoing challenge for gear industry specialists, interested 

by the development of modern techniques and easy processing and the introduction of these 

complex machine parts in as many fields as alternative to the classical mechanisms. Based 

on knowledge from various fields: machine parts, mechanisms , computer graphics and 

computer-aided design, field reserches are supported by advanced software and 

unconventional methods of processing, so that studies become more complex and detailed, 

aiming to improve performance circular gears. 

This paper presents an original method of generalization the generation of noncircular 

gears teeth process. Research conducted at the Faculty of Engineering of the University 

"Dunărea de Jos" Galati, with the current state support in the field, through the traditional 

stages in an original way, using specific codes and interference multiple programming 

environments, drawing and processing. The obtained results constitute a significant 

contribution in the field of transmission gears with variable motion. 
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INTRODUCTION 
 

With complex kinematic and geometric characteristics and providing important benefits 

(reliability, high power transmission, tolerance to overload), noncircular gears constituted a 

permanent challenge for scientists and due to modeling and simulation software development, 

they were relaunched in the industry as alternatives to conventional mechanisms. At the same 

time, new processing methods using advanced and unconventional technologies provoked 

deepen studies and allowed the development of new approaches in the design of noncircular 

gears, so currently noncircular gearing can be found in many industrial applications (hydraulic 

industry, agriculture, electronics, robotics, auto industry, etc.). 

 

TESIS OBJECTIVES 

 
Design of noncircular gears is unstandardized process, but there are two main stages 

to be covered: noncircular centrodes modeling and teeth generation. The review of literature 

revealed the existence of specific methods approached by specialists for noncircular centrodes 

modeling and, accordingly, different approaches to generate teeth which, unlike the circular 

gears teeth with standardized elements, exhibit variable geometry from one tooth to another 

and, also, for the flanks of the same tooth. 

This paper aims to generalize the procedure of generating noncircular gears teeth and 

the developed study involves the following steps: 

1. Modeling circular centrodes using three hypotheses: (i) the assumption of 

defining the law of variation of transmission ratio, (ii) defining the geometry of leading 

centrode, (iii) the assumption defining the law of motion of the driven element. 

Modeling noncircular centrodes represents the first step in designing noncircular gears. 

Kinematic and geometric features specific to each pair of conjugated centrodes are produced 

using original codes PHP / MySQL that provide both graphics and a database to be used 

during the study developed later. It is also created an interactive platform that allows the 

modeling of noncircular centrodes, based on the initial design data specific to each of the three 

hypotheses. 

2. Noncircular gears teeth generation using materialized generator. 

Based on specific elements of circular gears, is developed a study regarding the 

possibility of generating noncircular gears teeth using materialized generator which requires 

the knowledge of the base curve. The noncircular base curve is determined based on two 

assumptions: (i) the radius vector is perpendicular to the line of engagement and (ii) a constant 

radius of curvature of the tooth flank. Original PHP / MySQL codes are created providing the 

data necessary for the study (graphic data, numerical data). 

3. Noncircular gears teeth generation using the pitch curve and the pressure and 

angle. 

Generalizing the process of noncircular gears teeth generation is analyzed using two 

original methods: (i) hypothesis 1 (IpGC1) considers the generation of cinematic accurate tooth 

flank profile, considering, at runtime, the pitch line of the rack cutter tangent to the noncircular 

pitch curve, permanently changing its orientation. Whatever the noncircular pitch curve 

geometry is, with convex-concave zones, the profile of the tooth flank generated called GCP 

(generated cinematic precise), is a certain curve; (ii) hypothesis 2 (IpC2) takes into account  
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the "approximate" cinematic generation of the profile flank of the tooth, absorbing the 

noncircular pitch curve, in the vicinity of the current point, with the arc of a circle "equivalent" 

having a radius equal to the radius of curvature of the pitch curve in that point. The generated 

tooth flank profile, called GCA (cinematic generated approximately) is an involute 

corresponding to the equivalent circle. Algorithms are proposed for the two hypotheses 

underlying the original PHP codes that allow graphical representation of tooth flanks. 

4. Noncircular gears manufacturing. 

Based on data provided by the original codes created for teeth generation, virtual 

models of the noncircular gears are edited in AutoCAD and then used in the manufacturing 

process. An unconventional manufacturing method id proposed using 3D printer Prusa I3-2. A 

trial stand equipped with "step by step motor" and programmable Arduino Uno circuit for 

noncircular gears testing is created.  

5. Noncircular gears engagement conditions analysis. 

Unlike circular gears meshing with performances analyzed by standard methods, 

noncircular gears require special procedures of studying the conditions of engagement and 

these are virtual solid model based methods. This paper presents original meshing analysis 

procedures which provide quantitative and qualitative data regarding the path of contact and 

also, data regarding the state of stress and strain in conditions to highlight the influence of the 

working hypothesis and of the pressure angle value. Static contact between teeth is analyzed 

in AutoCAD using solid models of noncircular gears based on an algorithm involving a 

controlled initial interference. For the state of stress and strain are carried out two studies by 

finite element method on the solid models imported from AutoCAD in INVENTOR: a static 

analysis and a dynamic analysis, which simulates engagement and loading in certain areas of 

noncircular gears. 

 

THESIS STRUCTURE 

 

The thesis is structured to meet the objectives of the proposed research: the study of 

the field research - modeling of noncircular centrodes – teeth generation and prototypes 

manufacturing – analysis of noncircular gears meshing. Investigations are presented during 5 

chapters as follows: 

 

Chapter 1 provides an overview of the specific theoretical elements for noncircular 

gears and their applications in various fields, the generation and manufacturing of the 

noncircular gears proposed by the researchers. On the analysis of the field research is based 

the proposed study in later chapters with regard to the teeth generation for noncircular gears 

and analysis of the meshing conditions. 

 

Chapter 2 develops the first stage of non-circular gears design, modeling centrodes 

respectively. Original PHP / MySQL codes are created that provides both graphical 

representations of centrodes and the variation of the gear ratio and databases that contain 

specific geometric and kinematic characteristics of the designed gear. An original approach is 

presented based on an interactive platform that synthesizes the three hypothesis for 

noncircular mating centrodes modeling: (1) the assumption of the variation law for the gear 

ratio, (2) the assumption of the driving centrode geometry and (3) the assumption of the 

variation law for the driven element. 
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Chapter 3 proposes a comprehensive study on generalization of the teeth generating 

process for noncircular gears. From data provided by circular gears theory, first is analyzed 

the possibility of teeth generating using materialized generator or base curve. Two 

assumptions are being developed for the determination of the base curve (i) the radius vector 

is perpendicular to the line of engagement and (ii) a constant radius of curvature of the tooth 

flank. Original PHP / MySQL codes provides the necessary data for the study (graphic data, 

numerical data), and it is observed that in both cases, the geometry of the base curve presents 

corner and return points with increased concave areas, and therefore is not adequate for teeth 

generation. This observation eliminates materialized generator method from the generalization 

process of noncircular teeth flanks modeling.  

The teeth generating is further approached based on pitch curve and using specific 

elements of rolling without slipping. Two hypotheses are proposed: (i) hypothesis 1 (IpGC1), 

the cinematic generation of accurate profile flank tooth, considering that the pitch line of 

rackcutter is tangent to the noncircular pitch curve and their orientation constantly changes 

and (ii) hypothesis 2 (IpC2), the cinematic generation of "approximate" profile flank tooth 

assimilating the noncircular pitch curve, in the vicinity of the current point, with the arc of a 

'equivalent' circle with radius equal to the radius of curvature of the noncircular curve in the 

division point. Original PHP / MySQL codes are created to get graphic representations of the 

tooth flanks. Also, the databases provided are imported in AutoCAD for processing and editing 

of solid models of noncircular gears. 

An unconventional method of manufacturing is proposed using 3D printer Prusa I3 - 2, 

based on solid models obtained in AutoCAD. The noncircular gears so processed are used to 

create a trial stand for testing. 

 

Chapter 4 evaluates the performance of noncircular gears meshing, aiming the 

influence of the design hypothesis and the value of pressure angle. Static contact 

characteristics between conjugated teeth and the state of stress and strain are analyzed. 

Parameters defining the contact between teeth are quantitative - surface of the contact pattern 

and qualitative - number of pairs of teeth meshing and are evaluated in AutoCAD, based on 

an algorithm that uses a controlled initial interference. The state of stress and strain is analyzed 

in INVENTOR, by finite element method, both in static and dynamic conditions. The analysis 

is performed on the teeth located in concave, convex and quasi straight areas. 

 

Chapter 5 highlights conclusions on the whole research and personal contributions in 

the generalization process of generating circular gears teeth. 
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CAP.1. STATE OF ART 

 

 

1.1. INTRODUCTION  

 

Noncircular gears are machine parts that can ensure atypical movements, 

characterized by complex geometric features and variable kinematic characteristics. Benefits 

that present the main argument is that the noncircular gears in their use as a substitute for 

traditional mechanisms (cams, clutches, transmissions with chains or straps) that can generate 

similar movements. Thus, non-circular gears present a compact, precise, reliable and superior 

characteristics on mechanical strength and tolerance to overload. The major drawback, 

derived from the complexity of these geometric and kinematic gearing leading to lack of 

standardized methods of generation, is the high cost of processing. Currently, due to the 

continuous improvement of technologies for generating and processing, as well as the steady 

growth of interest in non-circular gears, the production cost was reduced significantly ([1], [2]). 

Noncircular gears have intrigued scientists since sec. XV, when the first mentions are 

dated represented several drawings signed by Leonardo da Vinci in the collection "Codex " 

(Fig.1.1) [3], [4]. In the centuries that followed, noncircular gears acquire particular 

applications. Thus, astronomical instruments, musical clock or toys mechanisms are built using 

non-circular gear (sec. XVII - XVIII) [5]. 

 

 

 
 

Fig.1.1. Noncircular 

gears sketched by 

Leonardo da Vinci in 

the collection ”Codex” 

[3], [4] 

 

 
 

In the ninth century circular gears are placed in the educational process by scientist 

Ferdinand Redtenbacher and late nineteenth and early twentieth century is the period in which 

they are made strides in research of noncircular gears.  
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1.2. TYPES OF NONCIRCULAR GEARS 

 

 
 

a) b) 

 

Fig. 1.4. Noncircular gears with continuous varable speer  

a) elliptical gears [20]; b) four lobes noncircular gears [21] 

 

 
 

Fig. 1.5. Multispeed gears [2]  

  

 

Fig. 1.6. Noncircular gears with logharitmic 

centrodes [21] 

 

Special trajectories led to the driven element, noncircular gears are used either to 

replace or to drive classic bar mechanisms (Fig . 1.7) and literature provides numerous studies 

conducted by scientists ([29], [30], [31], [32], [33], [34], [35], [36], [37], [38], [39]). 

 
Fig. 1.7. Special mechanism with noncircular gears [32] 
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1.3. INDUSTRIAL APPLICATIONS FOR NONCIRCULAR GEARS 

 

 

 

 
 

Fig. 1.8. Freudenstein mechanism [24]        

1, 2 – noncircular gears; 3, 4 – noncircular 

gears; 7 – input axel 

8 – output axel 

Fig. 1.9. Mechanism proposed by Doric [26] 

to replace Geneva mechanism 

 

 

 
 

a) 

 
b) 

Fig. 1.10. Elliptical gear for fluid 

pumping devices (a) and the 

generation teeth device (b) proposed 

by Kitano 

 [40] 

Fig. 1.11. Planetary gear with noncircular 

gears [41]  
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Fig. 1.12. Rotary pump with noncircular 

gears proposed byTakami [42] 

Fig. 1.13. Gearbox with three noncircular 

gears [43] 

 

1.4. NONCIRCULAR GEARS DESIGN 

 

The complexity of the geometric characteristics of the non-circular gears, corresponding 

with a variety of types of movements that can be performed by them, make noncircular gear 

design process unable to be standardized. However, the literature highlights two key steps in 

the design process: 

(I) Modeling of noncircular pitch curves. The pitch curve  is the the defining element of a 

noncircular gear along which teeth are diposed. 

(II) Teeth generation. 

The fundamental principle underlying the design of noncircular gears is the rolling principle 

specifying that the centrodes are in every moment of rotation tangent in the center of 

instantaneous rotation, rotate to each other without slipping and every spring from a centrode 

is printed with the same length on thr conjugated centrode. 

 

1.4.1 Noncircular pitch curves design 

 

Based on analysis of the field research, centrodes modeling procedures approached by 

scientists are grouped into three broad categories defined categories of original design data 

constituting the working hypothesis appropriate operating requirements 

(i) the instantaneous transmission ratio hypothesis;  

(ii) the driving centrode hypothesis, 

(iii) the output motion hypothesis 

 

1.4.2. Generation of noncircular gears teeth 

 

 Generating noncircular gears teeth is the main challenge in designing a noncircular 

gear due to the complex geometry that does not allow standardization process. If in the case 

of the gears circular generation teeth is based on deployment of the base, for noncircular gears  
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base curve does not allow the teeth modeling and thus can not be used as a reference in the 

design stage ([79], [80]).  

 

1.4.3. Manufacturing of noncircular gears 

 

The literature shows the processing of noncircular gears both by conventional methods, 

and the modern methods based on the CAD model of the wheel or by electro-erosion cutting, 

laser cutting and water jet cutting and abrasive. Classical methods are specific standard the 

teeth (running, copying) with appropriate technological equipment modified wheel alignment; 

but generate profiled using tools such as milling or finger-mode disk module, discrete division 

is not recommended because processing is low productivity [2]. Also, the use of template-

wheel, etc. to more kinematic chains, adversely affect the processing accuracy and complexity 

of the equipment [101]. Kitano [40] patents the processing machine adapted to generate the 

elliptical toothed wheels of the toothed modeled with different pressure angles. R. Crow 

proposes a simplified solution for machine kinematics of gear non-circular contour or a work 

machine slotting circular cylindrical wheel with knife - wheel [102]. Vanin and Kolodin also 

propose a simplified kinematic wheel drive gear cutting circular milling [103]. 
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CAP. 2. HYPOTHESIS FOR 

NONCIRCULAR CENTRODES DESIGN 

 

2.1. INTRODUCTION 

 

For the conjugate centrodes modelling process, three hypotheses were considered, as 

mentioned in literature, as follows: 

Hypothesis 1, the instantaneous transmission ratio hypothesis, assumes that the 

instantaneous transmission ratio variation and the center distance are defined and the 

conjugate centrodes should be modelled, described by polar or Cartesian equations;  

Hypothesis 2, the driving centrode hypothesis, assumes that the geometry of the 

driving centrode is defined and the center distance, the conjugate centrode geometry and the 

transmission ratio should be determined; 

Hypothesis 3, the output motion hypothesis, assumes that the driven centrode motion 

and center distance are defined and gears centrodes geometries and the transmission ratio 

should be find out, respectively.  

 

 
 

Fig. 2.1. Conjugated noncircular centrodes  
 

 

2.2. HYPOTHESIS OF THE VARIATION LAW FOR THE TRANSMISSION RATIO 

 

The assumption of the law of variation of the transmission ratio is, as initial data , the 

function describing the variation of the transmission ratio, m21 (φ1), the distance between axes 

D, the number of rotations of the two centroids, N1, N2, over a period of rotation of the gear and 

the number of teeth that will have the driving centrode z1. The gear ratio must be a continuous, 

strictly positive, differentiable and regular. Based on these data , it determines the law of motion 

of driven centrode φ2 (φ ) and the geometries of the conjugated centrodes. 
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Fig . 2.2 . presents the calculation algorithm for generating centrodes assuming 

proposed transmission ratio.  

 

Input data ⇨ 

Step 1 – Detemination of the motion law for thedriving 
element (Ec. 2.4) 

Transmission ratio 
𝒎𝟐𝟏 = 𝒎𝟐𝟏(𝝋𝟏) 

Center distance, D 
No. of rotations for the driving gear, N1 

No. of rotations for the driven gear, N2 

No. of teeth on the driving gear z1 

⇩ 
Step 2 – Determination of the geometry for the driving 
centrode (Ec. 2.5) 

⇩ 

Step 3 – Determination of the geometry for the driven 
centrode (Ec. 2.6) 

⇩ 

Step 4 – Setting the minimum radius of curvature 

concave area (𝜌𝑐𝑣,𝑚𝑖𝑛) and convex area (𝜌𝑐𝑥,𝑚𝑖𝑛) (Ec. 

2.3) 

 

 
⇩ 

 Step 5 – Determination of the driving centrode length 
L1 (Ec. 2.9) and modulus m (Ec. 2.8) 

 
⇩ 

 𝜑2(𝜑1), 𝑟1(𝜑1
), 𝑟2(𝜑1

) 
 

 

Fig. 2.2. Algorithm for modeling conjugated noncircular centrodes in the transmission 

ratio law hypothesis 

 

The created application allows, using „AutoCAD data” option, to take data and import 

into the AutoCAD environment as a first step in processing teeth. However, plotting the 

conjugated centrodes in AutoCAD provides the necessary comparative study or even the 

possibility of an additional verification of the calculations by direct measurement, before 

moving to the next stage of design . 

 

 

Fig. 2.3. Graphical 

representation of the 

conjugated noncircular 

centrodes generated in 

PHP/HTML based on 

transmission ratio 

hypothesis  
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Figura 2.5 illustrates AutoCAD representation of three pairs of conjugated centrodes 

generated based on algorithm in the assumption law describing the transmission gear ratio 

defined by : 

 

𝑚21(𝜑1) = 1 +
cos⁡(𝜑

1
)

4
+
sin⁡(3𝜑

1
)

5
 (2.12) 

 

number of rotaions N1 = N2 = 1, number of teeth z1 = 48, with different values of the center 

distance. 

 

 
 

Fig. 2.5. Influence on 

the centrodes 

geometry of the 

center distance  

 

Analysis of the distance between axes on noncircular centrodes geometry points out 

that higher values of the distance between axes determine ascaling effect on curves, curves 

with an increase in length and a reduction in the groove. 

In Fig. 2.6 - 2.8 are shown examples of graphical representations of noncircular 

conjugated centrodes (Fig. 2.6a, 2.7a, 2.8a) generated in the case law of variation of 

transmission ratio described by different functions, according to the model in (2.13). It is also 

illustrated graphs of variation corresponding to the gear ratio , depending on the angle of 

rotation of the sprocket ( Fig . 2.6b, 2.7b, 2.8b). 

 

  
a) b) 

Fig. 2.6. Graphical representation of conjugated centrodes (a) and the law of 

variation of transmission ratio (b) with initial data: 𝒎𝟐𝟏 = 𝟏 +
𝐜𝐨𝐬⁡(𝜑1)

𝟒
; D = 200 mm; N1 

= N2 = 1; z1 = 48  
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a) b) 

Fig. 2.7. Graphical representation of conjugated centrodes (a) and the law of 

variation of transmission ratio (b) with initial data: 𝑚21 = 1 +
cos⁡(𝜑1)

4
+

cos⁡(2𝜑1)

5
; D = 200 

mm; N1 = N2 = 1; z1 = 48 
 

  

a) b) 
Fig. 2.8. Graphical representation of conjugated centrodes (a) and the law of 

variation of transmission ratio (b) with initial data: 𝑚21 = 1 +
cos⁡(𝜑1)

4
+

cos⁡(2𝜑1)

5
+

cos⁡(3𝜑1)

3
; D = 200 mm; N1 = N2 = 1; z1 = 48 

 

2.3. HYPOTHESIS OF THE DRIVING CENTRODE GEOMETRY  

 

Fig . 2.9 shows the algorithm based on which a PHP/HTML code was conceived for 

generating noncircular centrodes centroids, if the equation defining the geometry of driving 

centrode is known. 

 

 

Fig. 2.10. Graphical 

representation of 

conjugated centrodes 

(a) and the law of 

variation of 

transmission ratio (b) 
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Input data: ⇨ 

Step 1 – Determination of the driving centrode length 
L1 (Ec. 2.9) and modulus m (Ec. 2.8) 

Driving centrode 
geometry: 
𝒓𝟏 = 𝒓𝟏(𝝋𝟏) 

No. of rotations for the driving 
gear, N1 

No. of rotations for the driven 
gear, N2 

No. of teeth on the driving 
gear z187 

 
⇩ 

Step 2 – Determination of the equivalent circular gear 
length L0 (Ec. 2.14), the scaling factor k (Ec. 2.13), 
(Ec. 2.15) 

⇩ 

Step 3 – Determination of the center distance (Ec. 
2.17, 2.18) 

⇩ 

 Testing (Ec. 2.19) 

2𝜋

𝑁1
−∫

𝑟01(𝜑1)

𝐷 − 𝑟01(𝜑1)
𝑑𝜑

2𝜋
𝑁2

0

< 𝜀 

NU DA 

⇩ 

⇩ 
External gear Intern gear 

𝐷 = 𝐷0 + ∆ 𝐷 = 𝐷0 − ∆ 

 

    

Step 4 – Setting the minimum radius of curvature 
concave area (𝜌𝑐𝑣,𝑚𝑖𝑛) and convex area (𝜌𝑐𝑥,𝑚𝑖𝑛) (Ec. 

2.3) 

 
⇩ 

 𝜑2(𝜑1), 𝑟2(𝜑1
) 

 

Fig. 2.9. Alghorithm for modelling conjugated noncircular centrodes in the driving 

centrode geometry hypothesis  

 

The created application provides graphic representations of conjugated centrodes, the 

variation of the transmission ratio and the value for the calculated center distance. Also, data 

can be imported into AutoCAD or subsequent shaping of the teeth or to assess the accuracy 

of the data by direct measurements and comparative studies. Figure 2.6 illustrates the 

representation of the PHP/HTML provided by the program designed for a noncircular gear 

which has the geometry of the centroid of the driving centrode expressed by equation (2.23), 

the number of revolutions performed by the pinion N1 = N2 = 1 and a number of teeth z1c v./ = 

48. the distance between axles is obtained D = 182.479 mm . 

 

𝑟1(𝜑1) = 1 +
cos⁡(3𝜑

1
)

9
+
cos⁡(4𝜑

1
)

10
 (2.23) 

 

Figure 2.11 illustrates the comparative three pairs of conjugated centrodes generated 

in driving centrode geometry hypothesis expressed by Ec. (2.24), N1 = N2 = 1 and different 

values of the teeth number: z11 = 36, z12 = 48, z13 = 54. 
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Fig. 2.11. Comparative 

graphical AutoCAD 

representation for 

conjugated centrodes 

generated in driving 

centrode geometry 

hypothesis 

 

 

  
a) b) 

  
c) d) 

Fig. 2.12. Graphical representation of conjugated centrodes (a) and the law of 

variation of transmission ratio (b) with initial data: 𝑟1(𝜑1) = 1 +
cos⁡(3𝜑1)

9
; N1 = N2 = 1; z1 

= 48 
 

  
a) b) 
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c) d) 

Fig. 2.13. Graphical representation of conjugated centrodes (a) and the law of 

variation of transmission ratio (b) with initial data: 𝑟1(𝜑1) = 1 +
cos⁡(2𝜑1)

4
+

sin⁡(2𝜑1)

6
; N1 = 

N2 = 1; z1 = 48 

 

2.4. HYPOTHESIS OF THE DRIVEN CENTRODE KINEMATICS 

 
 The algorithm that allows the generation of conjugated noncircular centrodes if the law 
of motion of the driven element hypothesis is shown in Fig. 2.14. 
 

Input data: ⇨ 

Step 1 – Determination of the transmission ratio (Ec. 
2.20) 

Law of motion for the driven 
element: 

𝝋𝟐 = 𝝋𝟐(𝝋𝟏) 
Center distance, D 
No. of rotations for the driving gear, N1 

No. of rotations for the driven gear, N2 

No. of teeth on the driving gear z1 

⇩ 
Step 2 – Determination of the driving centrode 
geometry (Ec. 2.5) 

⇩ 

Step 3 – Determination of the driven centrode 
geometry (Ec. 2.6) 

⇩ 

Step 4 – Setting the minimum radius of curvature 

concave area (𝜌𝑐𝑣,𝑚𝑖𝑛) and convex area (𝜌𝑐𝑥,𝑚𝑖𝑛) (Ec. 

2.3) 

 
 

⇩ 

  𝑚21(𝜑1), 𝑟1(𝜑1
), 𝑟2(𝜑1

), 𝑚𝑜𝑑𝑢𝑙𝑢𝑙⁡𝒎 

 

Fig. 2.14. Alghorithm for modeling conjugated noncircular centrodes in the 

transmission ratio hypothesis 

 

  
a) b) 

Fig. 2.15. Graphical representation of conjugated centrodes (a) and the law of 

variation of transmission ratio (b) with initial data:  𝜑2(𝜑1) = 𝜑1 +
sin⁡(𝜑1)

3
+

sin⁡(2𝜑1)

6
; D = 

200 mm; N1 = N2 = 1; z1 = 48 
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a) b) 

Fig. 2.16. Graphical representation of conjugated centrodes (a) and the law of 

variation of transmission ratio (b) with initial data:  𝜑2(𝜑1) = 𝜑1 −
sin⁡(𝜑1)

3
+

sin⁡(2𝜑1)

6
; D = 

200 mm; N1 = N2 = 1; z1 = 48 
 

  
a) b) 

Fig. 2.17. Graphical representation of conjugated centrodes (a) and the law of 

variation of transmission ratio (b) with initial data:  𝜑2(𝜑1) = 𝜑1 +
sin⁡(5𝜑1)

25
; D = 200 

mm; N1 = N2 = 1; z1 = 48 

 

  
a) b) 

Fig. 2.18. Graphical representation of conjugated centrodes (a) and the law of 

variation of transmission ratio (b) with initial data:  𝜑2(𝜑1) = 𝜑1 −
sin⁡(5𝜑1)

25
; D = 200 

mm; N1 = N2 = 1; z1 = 48 
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CAP. 3. NONCIRCULAR GEARS TEETH 

GENERATION 

 

3.1. INTRODUCTION 

Generating teeth on noncircular gears involves (i) modeling of the generator curve, the 

tooth flank profile respectively, and (ii) the generation of the guiding curve or curve for the 

arrangement of the tooth on width of the gear. Depending on how the tooth flank is generated, 

two types of generators are different: 

I. materialized generator 

II. cinematic generator. 

In order to emphasize the geometry of curves based on the noncircular toothed wheels, 

based on a predefined pitch curves, the following assumptions inspired by the theory of 

standard gears (Fig. 1.1): 

- CB1 hypothesis. Base curve is the locus of points where the perpendicular T to the center of 

rotation of the wheel intersects the line of engagement; 

- CB2 hypothesis. Base curve is the locus of points situated T versus current points on the 

pitch circle at a distance equal to the radius of curvature of involute PT, which would pass 

through that point as calculated in Fig. 1.1. 

 

 
Fig. 3.1. Evolvent circle 

 

P = instantaneous center of rotation 

(pole engagement ) 

(Tg) = right on the pitch circle tangent 

(At) = right running on the base circle 

(normal to the involute ) 

M = current point on the involute M  

(tg) 

B = the point of involute curve which is 

generated 

T = the perpendicular leg (Ia), located 

on the base circle 

φ = angle radius vector of the current 

format of the current point involute E 

𝜓 = ⁡𝛼 + 𝜑 + 𝛾⁡ 

⁡𝛾 = tan(𝛼 + 𝜑) − (𝛼 + 𝜑) = ⁡inv⁡(𝛼 + 𝜑) 
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3.3. KINAMATIC GENERATION OF THE TEETH FLANKS PROFILES 
 

Hypothesis 1 (IpGC1) considers generating accurate kinematic profile tooth flank [116], 

[2]. During the rolling, the rackcutter pitch line is tangent to the pitch curve, permanently 

changing its orientation. Thus generating tooth flank and intersecting curve of the gear spin Ei 

point (Fig. 3.6a), the rackcutter  is positioned with the pitch line (l.d.c.) and tangent to the pitch 

curve, forming angle i with the current radius r (φi), and receives the movement running in 

the vicinity of them in both directions, for generating the head and foot areas of the tooth, 

respectively. In a current point in the vicinity of Ei, rack pitch line has orientation (l.d.c) ij, 

forming angle ij, variable radius vector rij, the current point of contact. For some concave-

convex pitch curves, the tooth profile generated will be referred to in subsequent studies, GCP 

profile (generated cinematic precise). 

 

 
a) b) 

Fig. 3.6. Hypothesis generating accurate kinematic (a) and "approximate" (b) 

tooth flank profile 

 

 

Hypothesis 2 (IpGC2) considers the generation of cinematic "approximate" tooth flank 

profile assimilating non-circular pitch curve in the vicinity of Ei, the arc of a circle 'equivalent', 

with i equal to the radius curvature (Fig. 3.6b). During rolling in the vicinity of Ei, rackcutter 

pitch line (l.d.c) as a tangent to the equivalent circle, retain their orientation on each tooth flank, 

but a change from one flank to another thus generating the active flank of the tooth.. Involute 

tooth flank profile will be, appropriately considered equivalent circle, and will be referred profile 

GCA (cinematic generated approximately). 

To generate teeth, in both cases, it will be assumed that the teeth are willing on the 

pitch curve so as to ensure a constant angular pitch, which will induce a variable spacing along 

the pitch curve. 
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        a) m21 = 1 + 0,25cos(2φ)               b) m21 = 1 + 0,25sin(3φ) 

  

  

c) m21 = 1 + cos(2φ)/6 d) m21 = 1 + cos(φ)/4 + sin(3φ)/3  

  

Fig. 3.13. GCP profiles of the noncircular gears teeth 

 

 
 

a) m21 = 1 + 0,25cos(2φ) b) m21 = 1 + 0,25sin(3φ) 

 
 

d) m21 = 1 + cos(2φ)/6 d) m21 = 1 + cos(φ)/4 + sin(3φ)/3 

 

Fig. 3.16. GCA profiles of the noncircular gears teeth 

 

Based on the presented algorithm was created a new original code PHP (Appendix 7), 

with which were generated pitch curves and CGA profiles teeth for noncircular gears generated 

for transmission ratio m21, distance between axes D , angle of pressure α = 20º and the rack 

teeth z1 = z2 = 36 ( Fig . 3.16) . 
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3.3.3. Comparision between teeth flanks profiles 

 

For comparative study of the geometrical characteristics of the teeth flanks cinematic 

generated by the two hypothesis, was generated teeth of a noncircular gear designed 

assuming instantaneous transmission ratio defined by (3.39). It is considered the distance 

between axes D = 200 mm and the number of teeth z = 36. The databases obtained using 

PHP code imported into AutoCAD and plotting is illustrated in Fig . 3.17. 

 

m21 = 1 + cos(φ)/4 + sin(3φ)/3 (3.39) 

 

 
a) b) 

 

Fig. 3.17 CGP and CGA teeth profiles generated  

a) complete dentures ; b ) details of the teeth with small curvature (convex area 

- A), with the maximum curvature (concave area - B) and the almost linear - C 

 

The comparison between CGA and CGP tooth profile flanks performed by analyzing 

patterns edited in AutoCAD, based on data provided by the PHP code, highlights differences 

in tooth profiles curves, which can be assimilated to travel profile. 

 

 

Fig. 3.18. Teeth selections for coparison analysis 

 

The results of the comparative analysis carried out highlights a number of features of 

the tooth flank profile generated by the "correct" hypothesis: 
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- The tooth located in the convex are, the standard deviation in the foot (7.95 * 10-3 mm) is 

smaller than the area of the head (10.39 * 10 3 mm ) which is explained by a smaller thickness 

of the tooth in the area of the foot, similar to "approximate" profile. 

- For the concave area tooth (tooth B) deviation in the leg area is 10.63 * 10-3 mm, and in the 

head area 12.58 * 10-3 mm. Increased deviation in the head area is justified by the reduced 

thickness of the teeth generated correctly in accordance with the shape of the pitch curve in 

the minimum radius of curvature . 

- In the rectilinear area tooth C shows a median of 10.41 mm * 10-3 in the foot and 9.36 * 10-

3 mm in the head . 

 
 

Fig. 3.19. Displacement variation between GCA and GCP profiles 

 

3.3.4. Solid modeling of noncircular gears 

 

Modeling solid noncircular gears is necessary both for their processing and for the final 

stage of the design process, respectively for analyzing the performance of engagement. 

Figure 1.20 illustrates the solid models of the noncircular gears defined by the 

transmission ratio expressed by ( 3.39 ), assuming generation cinematic precise (Fig . 3.20) 

and approximate ( Fig . 3.20b ) profiles teeth flanks. 

 

  

a) b) 

Fig. 3.20. Solid models of the noncircular gears generated in IpGC1 (a) și IpGC2 (b) 
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CAP. 4. NONCIRCULAR GEARS 

PERFORMANCES ANALYSIS 

 

4.2. STATIC ANALYSIS OF NONCIRCULAR GEARS ENGAGEMENT 

PERFORMANCES  

 

The study of the engaging conditions for noncircular gears in static mode is performed 

on solid models and is based on the accuracy of data provided by the program created in PHP 

to generate teeth. Static analysis of the conditions of engagement for noncircular gears is 

developed in two directions: 

- Analysis of the contact between teeth through controlled interference, provides information 

on the contact surface ; 

- The state of stress and strain analysis, based on existing principles in the study of cylindrical 

gears . 

 

(a) Generation hypothesis influence 

 

To study the influence of hypothesis generation on static contact between teeth were 

generated two noncircular gears designed assuming instantaneous transmission ratio defined 

by ( 4.1), both situations outlined above : 

- AnGP1 - GC1 generated hypothesis, known as the generation of "precise" profile 

- AnGA1 - GC2 generated hypothesis , called the generation of "approximate" profile 

 

 

Fig. 4.1. The positioning of the analyzed teeth on the noncircular gears 
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4.2.2. State of stress and stain 

 

 Static analysis of the state of stress and strain is developed as follows : 

1. Import in Inventor the solid model edited in AutoCAD (Fig . 4.8) 

 

 
 

Fig. 4.8. Non circular gear represented in AutoDesk Inventor 

 

2. The choice of material from which is made the gear (Aluminiu 6061-T6);  

3. Setting degrees of freedom/constraint: a degree of freedom, rotation around the axis Oz, 

constraining the gear hub; 

4. The positioning force F = 10 N on the studied tooth crown, normal to the tooth surface in the 

direction of the line head, acting on the whole width of the tooth (Fig. 4.9);  

 

 
 

Fig. 4.9. Positioning of the force during engagement  

 

5. Establishing the structure of finite elements (Fig . 4.10): 

- Average size of finite element (as a fraction of the space framing) : 0.1 ; 

- The minimum size of the finite elements (as a fraction of average size): 0.2 ; 

- The maximum angle of rotation of the 60°; 

- No. of nodes: 257 503, no. items: 167 286. 
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Fig. 4.10. Decomposition of solid finite element model 

 

6. Simulation and execution of Von Mises stress distribution (Fig . 4.11), field strains (Fig . 

4.12) and equivalent stress distribution (Fig. 4.13). 

 

 
 

Fig. 4.11. Von Mises stress distribution for non-circular gear tooth B AnGP2 

 

 
 

Fig. 4.12. Equivalent stress distribution for non-circular gear tooth B AnGP2 
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Fig. 4.13. Deformations field for non-circular gear tooth B AnGP2 

 

4.3. DYNAMIC ANALYSIS OF NONCIRCULAR GEARS ENGAGEMENT 

PERFORMANCES 

 

4.3.1. Dynamic simulation 

 

 Dynamic simulation is used during the design process of a prototype to study the 

interaction between parts of a whole and possible failures of components. Unlike static analysis 

gears engaging performance that is performed on an assembly component (in the case 

discussed above, the drive gear), dynamic simulation allows analysis by finite element 

assembly in conditions similar to those during the operation. Also, as opposed to static analysis 

by the FEM method provides results that depend on the correctness of the hypothesis 

established for the model calculation (uptake beam recessed tooth, the position and the size 

of the force, setting constraints, etc.), the study of stress and strain state based on dynamic 

simulation eliminates errors that may appear, this process is based on the second law of 

motion Newton's [138]. Thus, dynamic simulation created in INVENTOR take account of joints 

defined by the designer to determine the interactions between components, and constraints 

kinematic such as gravity, inertia forces, the forces of interaction between components, 

frictional forces, movements imposed , torques, etc. 

 

 
Fig. 4.27. Dynamic simulation in INVENTOR 
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4.3.2. Generation hypothesis influence on engagement performances 

 

 The analysis is performed on the two gears presented in section 4.1: AnGP1 generated 

by precise method and AnGA1 generated by approximate method. The algorithm presented 

above is the final step for the study of dynamic data export, export generating models for finite 

element based on elements summarized in Table 4.6. The results obtained characteristic state 

of stress and strain are shown in Table 4.7 . 

 

Tabel 4.6. Characteristic elements for the study of dynamic method of FEM – 

noncircular gears and AnGA1 AnGP1 

 AnGP1 AnGA1 

Nodes 258995 267775 

Elements 168387 173513 

 

 The engagement performances through dynamic simulation provides global 

information, highlighting areas where driving wheel appear extreme values of stresses and 

strains , and their maximum amounts. 

Tabel 4.7. Data on the state of tension and strain obtained by dynamic simulation for gears 

 AnGP1 și AnGA1 

AnGP1 AnGA1 

Von Mises stress distribution 

  
Main stress distribution 

  
Deformation field 
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Analyzing the images presented in Table 4.7 shows that the main stresses and tensions 

Von Mises in concave area show high values of pinion gears for both. The deformation field 

has a distribution similar for both AnGP1 and for AnGA1, with higher values in convex areas 

with large radius of the centrode, particularly those located in the vicinity of the concave areas. 

Graphic representations shown in Figure 4.31, b and c are drawn based on data 

obtained from dynamic simulation analysis of the stress and stans state and give a comparison 

between the values obtained for each gear. 

 

  
a) b) 

 

Fig. 4.31. Generation hypothesis influence 

on the von Mises stress (a), the mains 

stress (b ) and the field distribution of 

deformations (c) for noncircular gears 

 

c) 

 

The noncircular geasr generated by the approximate method present higher 

performances achieved through dynamic simulation than those for gears generated by precise 

method. Thus, the maximum Von Mises stress is 31.75 % lower in gear AnGA1, main stress 

with 57.70 % and the maximum displacement decreases by 44.45 %. The results confirm the 

analysis in static mode as highlighted also engaging performances higher quality in the 

concave gear generated by the approximate method. 

 

4.3.3. Pressure angle influence on engagement performances 

  

To study the influence of design parameters on the conditions for engaging by dynamic 

simulation method, are analyzed three different gear pressure angle ( AnGP1 , AnGP2 and 

AnGP3 ) and go through the steps of the algorithm described above. The characteristic 

features of patterns generated by the method FEM analysis are shown in Table 4.8 and the 

results regarding the state of stress and strain obtained by the dynamic simulation, in Table 

4.9 . 

 

Tabel 4.8. Characteristic elements for the study of dynamic method of FEM – 

noncircular gears AnGP1, AnGP2 and AnGP3 

 AnGP1 AnGP2 AnGP3 

Nodes 258995 267775 276306 

Elements 168387 173513 179864 
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Tabel 4.9. . Data on the state of tension and strain obtained by dynamic simulation for gears AnGP1, 

AnGP2 and AnGP3 

AnGP1 AnGP2 AnGP3 

Von Mises stress distribution 

   

Main stress distribution 

   

Displacement field 
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CAP.5. CONCLUSIONS AND ORIGINAL 

CONTRIBUTION 

 

5.1. CONCLUSIONS  
 

Noncircular gears define a special class of mechanisms that, due to their advantages 

(reliability, high power transmission etc.), can successfully replace the traditional mechanisms 

(camshafts, transmission chains, belts etc.) for complex, variable motions. The main 

disadvantage of the noncircular gears, related to the high production costs, is not a current 

issue anymore, as the developments of software and manufacturing technologies have been 

achieved, and the noncircular gears are relaunched as an interesting topic for the researchers. 

Noncircular gears design, not following a standard algorithm, usually follows the two main 

steps: (i) the modelling of the conjugate centrodes and (ii) the teeth generating process. 

This thesis is generally focused on the noncircular gears theory analysis, with the main 

purpose of generalizing the gears design procedure.  

 (i) For the conjugate centrodes modelling process, three hypotheses were considered, 

as mentioned in literature, as follows: 

 Hypothesis 1, the instantaneous transmission ratio hypothesis, assumes that the 

instantaneous transmission ratio variation and the centre distance are defined and the 

conjugate centrodes should be modelled, described by polar or Cartesian equations;  

 Hypothesis 2, the driving centrode hypothesis, assumes that the geometry of the 

driving centrode is defined and the centre distance, the conjugate centrode geometry and the 

transmission ratio should be determined; 

 Hypothesis 3, the output motion hypothesis, assumes that the driven centrode motion 

and centre distance are defined and gears centrodes geometries and the transmission ratio 

should be find out, respectively.  

 The above three algorithms were taken into account and an interactive website was 

designed in order to facilitate the noncircular conjugate centrodes modelling.  

 (ii) The second step within the noncircular gears design consists of the gears teeth 

generation. 

The standard gears theory highlights two methods for the gears teeth generation, 

respectively: (i) the forming method, when the cutting tool profile is copied on the gear blank, 

requires the definition of the gear base circle and the pressure angle and (ii) the rolling 

method that requires the gear pitch circle and the pressure angle to be defined.  

At the beginning, starting from the basic elements from the circular gears theory, the 

possibility of generating the noncircular gear teeth using the forming method was considered. 

Two hypotheses were proposed in order to generate the gear base curve: CB1 hypothesis 

assumed that the base curve was the locus of the perpendicular segment end, from the gear 

centre to the current line of action, and CB2 hypothesis assumed that the base curve was the 

locus of the curvature centre of the current standard involute that passed through the 

instantaneous centre of rotation. It was found out that, in both cases, the base curve geometry 

exhibited angular points, concave zones with high curvature, no proper to be set as a gear 

base curve. This remark leaded to the decision of not using the forming method while 

generating the noncircular gears teeth profiles. 
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In order to generate the teeth flanks profiles using the rolling method, an analytical 

method was developed, wherein the rolling of a standard rack cutter tooth along the noncircular 

pitch curve was described.  For this purpose, two generating hypotheses were proposed: 

(i) Hypothesis 1 (IpGC1) considered the accurate generation of the gear tooth flank, i.e. 

the rack-cutter pitch line, as tangent to the gear pitch curve, was permanently changing the 

direction during the rolling process. For arbitrary pitch curves, with convex-concave geometry, 

the tooth flank profile, named as GCP profile (correctly generated profile), is an arbitrary 

/unknown curve; 

(ii) Hypothesis 2 (IpGC2) took into account an "approximate"  generation of the tooth 

flank profile, considering the rolling of the rack-cutter tooth along the local osculating circle of 

the pitch curve. The tooth flank profile, named as GCA profile (approximately generated 

profile), is an involute of the local osculating circle.  

The analytical approaches for the above mentioned generating hypotheses were the 

base of original PHP codes (Annex 6, Appendix 7) that enabled graphical representations of 

the gears pitch curves and teeth flanks profiles. A comparative analysis of the tooth flanks 

profiles geometries was also developed, for both generating hypotheses, highlighting the 

increase of tooth profile deviation of the GCA profile, compared to the GCP, in zones where 

the pitch curve curvature was high. 

The PHP database was further imported to the AutoCAD environment and enabled to 

complete the gear section representation. Tooth addendum and dedendum were drawn as 

segments of tooth flank, limited by the addendum and dedendum curves, as offset curves to 

the gear pitch curve, at distance of m and 1,25m, respectively, where the gear modulus m is 

not chosen at a standard value, it resulted from the pitch curve length and the gear number of 

teeth.  The root fillet radius was considered as 0,38m. Editing the noncircular gear section, the 

virtual solid models were built up by extrusion along the gear axis.  

Based on the virtual models, generated by AutoCAD, noncircular gears were 

manufactured using a 3D printer Prusa I3 - 2 and the prototype was further used to build up 

an exhibition stand. The stand is equipped with a "step by step" motor and the Arduino Uno 

programmable circuit. 

Also, the virtual models of the generated noncircular gears allowed further theoretical 

studies, focused on the specific gear performances, i.e. the static tooth contact pattern, using 

a controlled initial interference, and the FEM analysis. These studies were conducted using 

static and dynamic analyses. The influence of the teeth generating hypotheses and gear 

design parameters on the noncircular gears performances was analysed. It was shown that 

the gears generated by correct rolling exhibited higher performances, in terms of tooth static 

contact, compared to gears generated by approximate rolling. Also, higher values of the 

pressure angle improved tooth contact pattern, both on quantitative and qualitative aspects. 

 The static FEM analysis of the generated noncircular gears was developed by 

Autodesk Inventor, based on the gears solid models imported from AutoCAD. The gears 

bending behaviour highlighted the following: 

- the gear correct generation leaded to improved gears meshing, both on convex and near 

linear areas, by reducing the maximum Von Misses stress and the maximum tooth 

displacement; 

- for the concave areas, better stress behaviour was recorded for the gears generated by 

approximate method; 

- the increase of the pressure angle leads to a better gears meshing, by reducing the maximum 

stresses and displacements.  

 The dynamic analysis of the gears meshing was also developed by Autodesk Inventor, 

based on solid models imported from AutoCAD. As the FEM dynamic analysis provided 
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information on the entire mechanism, an illustration of the critical areas was obtained, in terms 

of the gear stress and strain behaviour, i.e. the concave areas with maximum bending stress 

were highlighted, and convex areas, with high centrode radius or variable geometry, where 

high deformations occurred, where also highlighted. The results validated the above 

conclusions of static analysis, recommending a higher pressure angle and approximate 

generation for the gear teeth, in concave zones, in order to improve the noncircular gears 

mesh.  

   

5.2. ORIGINAL CONTRIBUTIONS 
 

 Noncircular gears keep challenging the researchers from the gear industry, due to both 

their advantages, compared to traditional mechanisms, and developments of new design 

methods and manufacture process, resulted from the use of the advanced software and 

alternative technology. 

 The accomplishment of the thesis research objectives highlights the following original 

contributions: 

 A literature survey concerning noncircular gears and the state-of-the-art of the 

research field; 

 The noncircular conjugated centrodes modelling, using three generating hypotheses. 

The development of specific algorithms, accompanied by original PHP/HTML codes that 

enable the centrodes generation and graphic representations for the gear transmission ratio 

(Appendices 1, 2, 3); 

 The development of an interactive website, available to specialists, for noncircular 

conjugated centrodes; 

 The analysis of the possibility of generating the noncircular gears teeth using the 

forming method and the development of original PHP/HTML codes in case of two hypotheses  

assumed for determining and plotting the gear base curve: the hypothesis CB1 (Appendix 4), 

which considers the base curve as the locus of the perpendicular segment end, from the gear 

centre to the current line of action, and CB2 (Annex 5), which considers the base curve as the 

locus of the curvature centre of the current standard involute that passed through the 

instantaneous centre of rotation; 

  The development of the computing algorithm and the PHP/HTML code required by 

the correct rolling method, applied for the gear teeth flanks profiles generation;  

 The development of the computing algorithm and the PHP/HTML code required by the 

approximate rolling method, applied for the gear teeth flanks profiles generation;  

 The development of an interactive website, available to specialists, for gears teeth 

profiles generation, in case of two hypotheses of rolling; 

 The development of a comparative study regarding the teeth flanks geometries, 

generated by correct and approximate generation, in order to present the areas where high 

deviations are recorded for the tooth profile; 

 The data organizing and import from PHP to AutoCAD, required for the further gear 

solids generation; 

 The editing of the gears cross sections and the generation of the virtual models; 

 The gears meshing simulation, in order to analyse the teeth static contact pattern, 

using a controlled interference and the AutoCAD environment. The study was focused on the 

teeth placed on concave, convex and near linear zones and highlights the influence the 

generating hypothesis and the gear pressure angle have on the teeth contact pattern area and 

distribution; 
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  The use of the FEM analysis for the generated noncircular gears. The study was 

performed using both static and dynamic analyses; 

 The analysis of the influence the design data and the generating hypothesis have on 

the Von Misses stress and displacement for teeth selected from convex, concave and near 

linear zones; 

 The dynamic gear meshing, performed in Inventor, and the dynamic FEM analysis that 

highlights the „critical” gear areas as regard the tooth stress and deflection. Also, the influence 

of the design data and the generating hypothesis on the gear meshing was analysed. 

 

 5.3. RESEARCH PERSPECTIVES  
 

This paper proposes an original method for the noncircular gears generating process 

generalization. The gear generation is developed using a constant angular pitch and a constant 

pressure angle, in different generation hypotheses. In the future, the process of noncircular 

gears teeth generation can be enriched by different new approaches, using a constant pitch 

arc, varying the gear modulus, varying the pressure angle from one tooth to another etc. 

Also, the gears meshing could be analysed to find out a method to evaluate of the gear 

ratio, to predict the evolution of the line of action, to present the influence the centre distance 

variation and the misalignment have on the gears performances etc. 

The exhibition stand could be used for further experimental tests, developing a 

comparative study on the noncircular gears efficiency, related to frequency converters. 

 Lastly, it is important to find out industrial applications and to design the proper 

noncircular gears that would generate the required variable motion. 
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